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Abstract: In this paper we study the concept of interval-valued intuitionistic neutrosophic
sets(IVINsets). Some definitions and operations have been proposed. The notion of . interval-
valued intuitionistic neutrosophic soft sets( IVINSsets} are introduced. It is a combination of
soft set and interval-valued intuitionistic neutrosophic set. Lastly, an application has been
shown with the above concepts in decision making problem.

Keywords: : Interval-Valued Neutrosophic Set, Intuitionistic Neutrosophic Set, Interval-
Valued Intuitionistic Neutrosophic Set , Interval-valued intuitionistic Neutrosophic Soft Set,
Decision Making Problem.
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1. Introduction: Smarandache proposed neutrosophic logic and neutrosophic sets (NSs) in
1999 [9]. A NS is a set in which elements of the universe has respective degrees of truth,
indeterminacy and falsity. They lie in the nonstandard unit interval of ]0°, 1*[. The uncertainty
presented here (i.e, indeterminacy factor) is independent of the truth and falsity values. Wang
et al. [10] defined IVN sets and their logic operation rules in 2005. In 2009 Bhowmik and Pal
[1] studied the Intuitonistic neutrosophic set and presented various properties of it. In 1999
Motodtsov [7] introduce the concept soft set which was completely a new approach for dealiy
with vagueness and uncertainties. Maji [6] introduced neutrosophic soft set by the concept of
neutrosophic set and soft set. The concept of intuitonistic neutrosophic soft set [2] was
introduced by said and Samarandache in 2013. In 2017, interval-valued neutrosophic soft set
was introduced by Deli [5]. Chinnadurai and Bobin [4] introduced Interval Valued
Intuitionistic Neutrosophic Soft Set and its Application on Diagnosing Psychiatric Disorder by
Using Similarity Measure in 2021.
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This paper is an attempt to introduce the concept in interval-valued intuitonistic neutrosophic
set and interval-valued intuitonistic neutrosophic soft set which are different from [4]. We
introduce same basic definition and operations on it. We also introduce the concept of interval-
valued intuitonistic neutrosophic soft set. It is a combination of the concepts of interval-valued
intuitonistic set and soft set. In application is also presented. The organization of this paper is
as follows: in section 2 we briefly present some basic definitions and results which will be used
in the result of the paper. In section 3 IVIN set and IVINS set are defined. In section 4 an
application of IVINS set in a decision making problem has been shown. Conclusion are there
in the section 5.

2. Preliminary and Basic Definition.
In this section we recall some basic definitions and results for our future work.

Definition 2.1 [9 ] Let U be a universe of elemints the neutrosophic set A is an object having
the form A = {<x, Ta(x), Ia(x), Fa(x)>:xeU}. the function T, I, F; U—[0, 1] define respectively
the degree of membership, the degree of indeterminacy and degree of non-membership of the
element xeU to the set A. Here "0< Ta(x)+1a(x)+ Fa(x)<3". From philosophical point of view,
the neutrosophic set takes the value from the real standard or non-standard sub set of ]°0, 1.
But we need to take the interval [0, 1] for technical application ]°0, 1*[ will be different to be
apply in the real applications such as in scientific and engineering problems.

Definition 2.2 [9 ] A neutrosophic set A is contained in another neutrosophic set Bi.eAcB if ¥
xeU, Ta(X)< Ta(x), Ia(x)< 1s(x) and Fa(x)> Fg(X).

Definition 2.3 [8 ] Let U be the non-empty fixed set. An interval valued neutrosophic
set(IVNS) A in U is of the form A = {< x, Ty (x), I4(x), F4(x) >:x € U}

whereT, (x) = [T£(x), Tf ()], La(x) = [Li(x), 11 (x)], and F4(x) = [F4(x), Ff (x)]

Which represents the degree of membership function, indeterminacy function and non-
membership function for each part x € U in to the set A where for each element x €

U, Ty(x) € Int[0,1], I4(x) € Int[0, 1], F4(x) € Int[0, 1], where Int([0, 1]) denotes the set

of all closed sub intervals of [0, 1].
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Definition 2.4 [8 ]The complement of an IVN set A = {<x, [T(X), T7 (X)], [I4(X), I; ()], [FA(X),
F;(X)]>: xeU} is denoted by

A={<x, [FL(X), F{ ()1, [L(%), 15 ()], [TA(X), TF(X)]>: xeU}. The maximum of an IVN set is
{<x, [1, 1], [0, 0], [0, 1]> xe U} and the minimum is {<x, [0, 0], [0, 0, [L, 1]> xeU}.

Definition 2.5 [1,2 ] An element x of U is called significant with respect to neutrosophic set A
of U if the degree of true-membership or indeterminacy membership or falsity membership
value i.e, Ta(x) or 1a(x) or Fa(x)<0.5, otherwise we call it insignificant. For neutrosophic set the
true-membership, indeterminacy membership and falsity membership all cannot be significant.

An intuitinistic neutrosophic set A is defined by
A = {<x, Ta(x), la(x), Fa(x)>:xeU}

Here min{ Ta(x), Fa(x)} <0.5

min{ Ta(x), 1a(x)} <0.5

min{ Fa(x), 1a(x)} <0.5, for all xeU.

also 0< Ta(X)+ la(X)+ Fa(x)<2.

Definition 2.6 [3,7] Let U is an initial universe set. E is a set of parameters. Let P(U) denotes
the power set of U. Consider a non-empty set A, AcE. A pair (F, A) is called a soft set over U.
F is a mapping given by F:A—>P(A).

3. Interval-valued intuitinistic neutrosophic set and Interval-valued intuitinistic
neutrosophic soft set.

In this section we proposed the notion of IVIN set. We also study on hybrid structure involving
both IVIN set and soft set. In the definitions we apply the concept of Bhowmik and Pal [1]
and the concept of Saha and Said [8].
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Definition 3.1 Let U be a space of points (objects) with xeU. An interval-valued intuitinistic
neutrosophic set (IVINSet) in U is characterized by truth membership function Ta(X),
indeterminacy membership function Ia(x) and falsity membership function Fa(x). For each
xeU, Ta(x), 1a(x), Fa(x)e Int [0, 1].

A = {<x, [Ti(x), T ()], [a(x), (0L [FA(0, F7 ()1>: xe U}
Here 0<T}(X)+1}(X)+F}(X)<2

And O<T] (X)+1% (X)+FT (X)=2.......(A)

With the condition

T4 () + Th(x) Fh(x)+ Fh(x)

min{ > , > }<0.5
l r l r
min{TA(x)ZTA(x),IA(X)ZIA(x)} <05

1400+ I4(x) F4(0)+ Fi(x)

min{ > , . }<0.5

The condition (A) can be replaced by
0<sup Ta(X)+sup la(x)+sup Fa(x)<2.

Example 3.2Assume that the universe of discourse U={us, uz, us} where us, uz and us are
subsets of [0, 1] and they are obtained from some question arise of some experts and impose
their opinion in three components. The interval degree of goodness, the interval degree of
indeterminacy and the interval degree of poorness to explain the characteristics of the object.
Suppose A is an IVIN set of U then

A= {<uy, [0.2,0.4], [0.4, 0.6], [0.3, 0.5]>, <ug, [0.3, 0.5], [0.1, 0.3], [0.4, 0.8]>, <us, [0.4, 1],
[0.2,0.4], [0.4,0.6]>}
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For uz

0.2+0.4 0.3+0.5

Here min{T, T} =min{0.3, 0.4}<0.5

0.2+0.4 0.4+0.6
2 1

min{ } =min{0.3, 0.5}<0.5

. 0.34+0.5 0.44+0.6
mln{T, >

} =min{0.4, 0.5}<0.5

Similarly for uz and us.

The maximum of an IVN set is <[1, 1], [0, 0], [0, 1]>and the minimum is < [0, 0], [0, 0], [1,
1]>. Here the truth membership interval and falsity membership interval are altered while the
indeterminacy membership interval is unchanged.

Definition 3.3 Let A = {<x, [T4(X), TX ()], [I(X), IZ ()], [FL(X), F} (x)]>: xeU} be an IVIN set.
Then the compliment of A is denoted by

A={<x, [FA(¥), F3 (0], [Z500, X (1, [T4(x), T4 ()]>: xe U}
Consider the example 3.2.

Here A= {<x1, [0.2, 0.4], [0.4, 0.6], [0.3, 0.5]>, <X2, [0.3, 0.5], [0.1, 0.3], [0.4, 0.8]>, <xs, [0.4,
0.5], [0.2, 0.4], [0.4, 0.6]>}.

Then A°={<xq, [0.3, 0.5], [0.4, 0.6], [0.2, 0.4]>, <x2, [0.4, 0.8], [0.1, 0.3], [0.3, 0.5]>, <x3,
[0.4,0.6],[0.2, 0.4], [0.4, 0.5]>}. Then A®is also an IVIN set.

Note: If we define the complement of A by A’={<x, [FL(x), Fj (X)], [1 — I} (x), 1 — I;(X)],
[TL(X), TX (X)]>: xe UH{like previous literature]

Then consider the example 3.2. Then A°={<x4, [0.3, 0.5], [0.4, 0.6], [0.2, 0.4]>, <x2, [0.4,
0.8],[0.1, 0.3], [0.3, 0.5]>, <x3, [0.4, 0.6], [0.2, 0.4], [0.4, 0.5]>}.
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Here for xo,

0.4+0.8 0.7+0.9

min{ T

} =min{0.6, 0.8}%0.5
So A®is not an IVIN set.

Definition 3.4 Let U be an initial universe ACE be a set of parameters. Let IVIN(U) denotes
the set of all interval-valued intuionistic neutrosophic sets of U. The collection of (F, A)
performed to be the interval-valued Intuitonisticneutrosophic soft set over U. Here F is a
mapping given by F:A— IVIN(U).

Example 3.5 Let U be the set of hours under consideration. E is the set of parameters for
qualities. Each parameter is an interval-valued intuitonistic neutrosophic word or sentence
involving interval-valued intuitionistic neutrosophic words.

Consider E={es, €2, €3, €4, s, €6, €7} the set of parameters. There are five elements in the
universe U. U={us, Uz, U3, U4, Us}. ACE where A={e1, €2, €3, €4} e1 stands for expensive, e2
stands for green surrounding, es stands for made of wooden, e4 stands for cheap.

Suppose that

F(expensive) = {<us, [0.4, 0.6], [0.5, 0.7], [0.2, 0.4]>, <ug, [0.3, 0.5], [0.5, 0.9], [0.1, 0.3]>,
<us, [0.5, 0.7], [0.1, 0.3], [0.2, 0.4]>, <us, [0.5, 0.9], [0.2, 0.4], [0.1, 0.3]>, <us, [0.6, 1], [0.1,
0.3], [0.2, 0.4]>}.

F(green surrounding) = {<uy, [0.4, 0.8], [0.2, 0.4], [0.4, 0.6]>, <u2, [0.5, 0.9], [0.3, 0.5], [0.2,
0.4]>, <us, [0.7, 0.9], [0, 0.2], [0.1, 0.3]>, <u4, [0.5, 0.9], [0, 0.2], [0.2, 0.4]>, <us, [0.6, 1],
[0.2,0.4],[0.3,0.5]>}.

F(made of wooden) = {<u;, [0.5, 0.9], [0.3, 0.5], [0.2, 0.4]>, <uy, [0.4, 0.8], [0, 0.2], [0.1,
0.3]>, <us, [0.4, 1], [0.1, 0.3], [0.4, 0.6]>, <ua, [0.3, 0.7], [0.1, 0.3], [0.4, 0.8]>, <us, [0.4, 1],
[0.2,0.4], [0.1, 0.3]>}.

F(Cheap) = {<u1, [0.6, 1], [0, 0.2], [0.3, 0.5]>, <uz, [0.2, 0.6], [0.1, 0.3], [0.4, 0.8]>, <us, [0.2,
0.4], [0.4, 0.8], [0.3, 0.5]>, <us, [0.2, 0.6], [0.6, 1], [0.4, 0.6]>, <us, [0.2, 0.4], [0.4, 0.6], [0.4,

11>},
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Definition 3.6 Let A and B are two IVIN sets. A = {<x, [Ti(x), T7 (X)], [I4(X), I (X)], [Fi(x),
FI(x)]>: xeX} where 0<sup Ta(X)+sup Ia(x)+sup Fa(x)<2 and B = {<x, [TA(X), T (X)], [I5(X),
I5(¥)], [F£(X), F5(X)]>: xeX} where 0<sup Tg(x)+sup ls(x)+sup Fs(x)<2. Then A is contained
in Bi.eAcB if and only if

TEHX)TE(X), T (X)<T%(x), for all xe X
LL()>15(x), I (X)=15(x), for all xeX
FY)>FL(X), F} (X)>F%(x), for all xeX

Definition 3.7 The union of two IVIN sets A and B is defined as C=AuUB, where true-
membership, indeterminacy membership and falsity membership functions related n those of
A and B by

TL(X)=max{T:(x),TL(X)}, T&(X)=max{T}] (x),T5(x)}, for all xeX
IL(X)=min{IL(x), 15 (0}, IZ(=min{L; (), 15()}, for all xeX
FL0Q=min{FL(<),F5 ()}, FE()=min{E (X),F5(X)}, for all xeX

Definition 3.8 The intersection of two IVIN sets A and B is defined as D=AnB, where true-
membership, indeterminacy membership and falsity membership functions related n those of
A and B by

TLX)=min{ T} (), T5 ()}, T3 (X)=min{TZ (x),T% ()}, for all xeX
15 (%)= max{I{ (x),15(x)}, 15 (x)= max{I} (X),I5(x)}, for all xeX
FL(X)= max{Fi(x),FL(X)}, F5(x)= max{F] (x),F%(X)}, for all xeX

Example 3.9Let A and B are two IVIN sets of U. A = {(<uy, [0.2, 0.4], [0.4, 0.6], [0.3, 0.5]>),
(<uz, [0.3,0.5], 0.1, 0.3], [0.4, 0.8]>), (<us, [0.4, 1], [0.2, 0.4], [0.4, 0.6]>)} and B = {(<ux,
[0.6, 1], [0.0, 0.2], [0.3, 0.5]>), (<uz, [0.2, 0.6], [0.1, 0.3], [0.4, 0.8]>), (<us, [0.2, 0.4], [0.4,
0.8], [0.3, 0.5]>)}
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Where U={us, uz, uz} be the universe then AUB

={(<uy, [0.6, 0.1], [0.0, 0.2], [0.3, 0.5]>), (<u2, [0.3, 0.6], [0.1, 0.3], [0.4, 0.8]>), (<us, [0.4,
1], [0.2,0.4], [0.3, 0.5]>)}

0.6+1 0+0.2

Here for uy, min(T,T) =min(0.8,0.1) =0.1<0.5

0.6+1 0.3+0.5
2 72

min( )=min(0.8,0.4)=0.4<05

. ,0.3+0.5 0+0.2
mln(T, >

) =min(0.4,0.1)=0.1<05
Similarly for uz and us
So AuUB is also a IVIN set.

AnB={(<u, [0.2, 0.4], [0.4, 0.6], [0.3, 0.5]>), (<Uz, [0.2, 0.5], [0.1, 0.3], [0.4, 0.8]>), (<Us,
[0.2,0.4], [0.4, 0.8], [0.4, 0.6]>)}

Here AnB is also an IVIN set.

Definition 3.10: Comparison matrix: The comparison matrix is a matrix whose rows are
labeled by the object names of the universe such as ug, Uz, ....un and the columns are labeled
by the parameters ey, e, ....,em. The entries are calculated by cij=a+b-c, where a is the integer

calculated as low many times exceeds or equal to for uiuy,

vV uy, € U{where Ty,(e;) =[T..,(e;), Ty, (e)1}

) ) . Ik (e))+1%.(e;
b is the integer calculated as how many tlmesM

Illlk(ej)+1171k(ej)

exceeds or equal to for uiuk, Vu, € U

{where IUi(ej) =[11ﬂi(ej), I (eN}
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c is the integer calculated as how many times

for uizuk, Vu, € U

{where Fy (e;) =[F},(e;) + El,(ep]}.

4. An application of IVIN soft set in decision making problem.

Fllii (ej)+F£i (e])
2

exceeds or equal to

F‘LlLk (ej)+F£k (ej)
2

Let us consider the example 3.5. Then the tabular representation of the IVIN soft set is (F, A)
is given by the following table.

e1 expensive

e> green surrounding

e3 made of wooden

es4 cheap

[0.4, 0.6], [0.5, 0.7],
[0.2, 0.4]

[0.4, 0.6], [0.2, 0.4],
[0.4, 0.6]

[0.5, 0.9], [0.3, 0.5],
[0.2, 0.4]

[0.6, 1], [0, 0.2], [0.3,
0.5]

[0.3, 0.5], [0.5, 0.9],
[0.1,0.3]

[0.5, 0.9], [0.3, 0.5],
[0.2, 0.4]

[0.4, 0.8], [0, 0.2],
[0.1,0.3]

[0.2, 0.6], [0.1, 0.3],
[0.4, 0.8]

[0.5, 0.7], [0.1, 0.3],
[0.2, 0.4]

[0.7, 0.9], [0, 0.2],
[0.1,0.3]

[0.4, 1], [0.1, 0.3],
[0.4, 0.6]

[0.2, 0.4], [0.4, 0.8],
[0.3, 0.5]

[0.5, 0.9], [0.2, 0.4],
[0.1, 0.3]

[0.5, 0.9], [0, 0.2],
[0.2, 0.4]

[0.3, 0.7], [0.1, 0.3],
[0.4, 0.8]

[0.2, 0.6], [0.6, 1],
[0.4, 0.6]

[0.6, 1], [0.1, 0.3],
[0.2, 0.4]

[0.6, 1], [0.2, 0.4],
[0.3, 0.5]

[0.4, 1], [0.2, 0.4],
[0.1,0.3]

[0.2, 0.4], [0.4, 0.6],
[0.4, 1]

The aim is to find out the most suitable house with the choice parameter for X. The algorithm
for most appropriate selection of an object will be as follows:

Mo

Input the IVIN soft set (F, E)
Input A, The choice of parameters of p- X which is a subset of E.

Consider the IVIN soft set (F, A) and write it in the tabulated form
Compute the comparison matrix of the IVIN soft set (F, A)
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5. Compute the score S; of u;V i

6. Find Sk = max S
7. If k has more than one value then pr may be chosen.
.- Table 1 is how converted to Table 2 in the following way

Table 2
U e1 €2 es e4
U (05,06,03) | (0503,05) | (0.7,0403) | (0.801,04)
Uz (04,07,02) | (0.7,04,0.3) (0.6,0.1,0.2) (0.4,0.2,0.6)
Us (0.6,0.2,0.3) (0.8,0.1,0.2) (0.7,0.2,0.5) (0.3,0.6,0.4)
Us (0.7,0.3,0.2) (0.7,0.1,0.3) (05,0.2,0.6) (0.4,0.8,0.5)
Us (0.8,0.2,0.3) (0.8,0.3,0.4) (0.7,0.3,0.2) (0.3,0.5,0.7)

The comparison matrix of the IVIN soft set (F,A) is represented by the following tabular form

Table 3
U er e2 es es
ua 1+3-4=0 0+3-4=-1 4+4-2=6 4+0-1=3
uz 0+4-1=3 2+4-2=4 4+0-1=3 3+1-3=1
us 2+1-4=-1 4+1-0=5 4+2-3=3 1+3-1=3
U4 3+2-1=4 2+1-2=1 0+2-4=-2 3+4-2=5
Us 4+1-4=1 4+3-3=4 4+3-1=6 1+2-4=-1

10
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Table-4
We calculate the score for each u;

U Score S;
ua 8

uz 11

us 10

U4 8

Us 10

Clearly the maximum score is 11. Hence the last decision for X is to select u..
5. Conclusions

In this paper we study the notion of IVINset and I'VINsoft set. We have also defined some
operations on IVINsets. Finally we present an application of IVINsoft set in a decision
making problem.
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function. These representations are derived using some basic important integrations. The
obtained results extend classical identities and offer valuable insights into the structure and
properties of the hypergeometric function, with potential implications for various areas of
mathematical analysis, physics and engineering. Additionally, a few special examples have also
been given.
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1. INTRODUCTION

The Gauss hypergeometric function plays a fundamental role in various branches of
mathematics and physics, including differential equations, special functions, and applied
sciences. We are motivated by recent advancements in integrals involving the product of two
generalized hypergeometric functions, as well as double integrals involving generalized
hypergeometric functions, as obtained by Basnet et al [1], [2]. In this work, we present novel
integral representations for the Gauss hypergeometric function, derived using advanced
techniques in integration. By bridging theoretical insights with computational efficiency, this
study aims to enrich the existing framework of hypergeometric functions and contribute to their
broader applicability in interdisciplinary research.

In 1812, Gauss systematically discussed the series [3] [4] [5]

ab x a (a+1).b(b+1) x?

1+ c 1! c(c+1) 2!

(1.1)
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The series (1.1) is denoted by 2F1 (a, b; ¢; X) or 2F1 [a'cb; x] that is

a,b, _ v  (@n B 2"
P75 x| = R T (12)
In this case, a and b are the numerator parameters, while c is the denominator parameter. For
c#0,—1,—-2,... and if either a or b is a negative integer, the series in equation (1.2) will
terminate The Gauss hypergeometric series (1.2) is [3] [4] [6] [5]

i converges if |x| < 1, diverges if |x| > 1,

ii. when x = 1, converges if Re(c —a — b) > 0, diverges if Re(c —a — b) <0,

iii. when x = — 1, converges absolutely if Re(c —a — b) > 0, converges but not
absolutely if — 1 < Re(c —a — b) > 0, divergesifRe(c —a —b) < —1.

The generalized hypergeometric function with p numerator and g denominator parameters is
defined as [3] [4] [7]

A1) s Ap

o (@n .. (ap)n x™

Bn - Bgn n! '

Pochhammer symbol: In series (1.2) and (1.3) where (a),, denotes the Pochhammer symbol
with its usual representation in terms of Gamma function defined by [3] [5]

(@n = Mieyla+k—1), (@) =1 (1), =n! (@), = r(rc:l;z) and

@zn =27 (5), G +3), a4

where n is a non- negative integer. Pochhammer symbol was introduced by the German
mathematician Leo Pochhammer (1841 — 1920). Hypergeometric function reduces to the gamma
function, results are very important from the application point view.

Gamma function: The Gamma function, denoted by [(x), exists for positive, negative, and
complex values of x, exceptat x = 0,—1,—2,—3,... and it is defined by [3]

I'(z) I'(—z+n+1)

— [®,-tpx-1 — = (="
Fx) = [, e tt*'dt, fR(x)>OandF(z_n) (-1 I(-z+1)

(15)
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Beta Function: Beta function of m and n is denoted by B(m, n) and defined by [3]

r(m)r'(n)
r(m+n) ’

B(m,n) = fol x™ 11 -x)"ldx = R(m) >0, R(n) > 0.

2. SOME CLASSICAL SUMMATION FORMULAS AND IMPORTANT INTEGRALS:

This section explores some fundamental summation formulas and important integrals, highlighting
their mathematical significance and applications.

2.1. Some important and applicable definite integrals are [8]

fol[(l +0)* 1A -0 T+ Q-1 A+ )Y ] dx =2*Y1B(x,y). (2.1)

f a7 (1 - 0 @+ b ) ddx = (1+b)B(c,d) . 2.2)

Lt =by*"  (a— Y7 = (a—b)*VB(x,y). (2.3)
c— _ —e— _ (q_p)c+d—1

[ =p) T (g = D (- 1) e = B G B(,d) . (24)

4 A+ (1= )T A+2)77 g gerd-2p(c gy (2.5)

2.2. Classical summation formula:

There are many classical summation formulas in hypergeometric functions; however, we list only a
few that are used in our main results [3] [7] [9].

s . . o ab. _ T(c) T(c—a-b)
Gauss’s summation formula: If Re(c — a — b) > 0, 2F; [ L 1] = Te—aeD) - (2.6)
Whipple’s summation formula: Whena + b = lande + f = 2¢c +1,

a, b,c 7 T'(e) I'(f)
F[”; 1]= . @)
lef 22¢-11( a+e)r(a_+f) F(ﬂ)r(ﬂ)

2 2 2 2

3. MAIN RESULTS:

In this section, we shall establish some new integrals representations for the Gauss hypergeometric
function in different limits of integrals are asserted in the following Theorem.
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Theorem 3.1: The following integrals representation for the Gauss hypergeometric function hold
true

i. fol [(1 + x)c—; (1 _ x)c—l + (1 _ x)c—% (1 n x)c_l] y

oFi [“'Cb ;A —x?)|dx
I'(c) l"(c— l)1"(0— l)1"(c'+ l) L
:T[\/E 1 a+c 1 fzc 14 c 41 c 1 Re(c) > =). (3.1)
oo DT e e e+ 3 >3

ii. fol[xc_1 (1—- )% (1+ bx)~¢% "] ,F [ac,lb; 1-— x] dx

_ B(c,d) T(c+d)TI'(c+d—a-b)
"~ (1+b)¢ T(c+d-a) T(c+d—b)
0,1,2,..). (3.2)

(x> —1, Re(c),Re(d) >0andn =

Proof (i): Let left-hand side of (3.1) be I, we have

3 3
I= [{a+0 2 @- 0+ Q-0 4+ 0 oF [a'cb; (1 - x?)| dx
3 3 . 2\n
= [ [A+07 A= 0T A= (@ 0 S, W G gy

Changing the order of integration and summation, which is justified due to the uniform convergence

of the series and absolute convergent of the integral, we have
1 1
I = o (@nD)n J‘Ol [(1 + x)c+n—5—1 (1 _ x)c+n—1 + (1 _ x)C+n—E—1 (1 +

=0 (c),n!

x)c+n—1] dx

Using integration (2.1), we obtain
3

_ v @n®n H2c+2n-= 1
I = n=0W2 2 B(C-l—?’l-;,C-{-n)

16



Journal Tri. Math. Soc. V25, December (2023)

Using (1.4) and after a little simplification, we obtain

1
I = 226_3/2w 32 a’b,lc_g. 1].

r(2c-1/2) c—Lc4?
4 4

We now observe that the sF, can now be evaluated with the help of Whipple’s formula (2.7) and we
arrive at the right-hand side of (3.1). This completes the proof of the result (3.1) asserted in the
theorem 3.1 (i).

Similarly, to prove theorem 3.1 (ii), we use integration (2.2) and Gauss’s summation theorem (2.6)
and followed by a method similar to that used in theorem 3.1(i).

Theorem 3.2: The following integrals representation for the Gauss hypergeometric function hold true
forRe(l1—a—-b—-d)>0andr<p<gq

. _ - ,b -
I. f;(x—p)c Lg— 0% R [ac ; —%] dx

_ _Ne+d-1 r(1-d)Tr(1—a-b-d)
= @-p)T B d) o Taoea (3.3)

. a(x—p)¥t(q— 2 (x—r)y—c4 a,b, _ (@-rx-p)
- Jy S A e Lk

(q-p)°*4~! Tr(1-d)r(1-d-a-b)
(@-1°¢(p-r? T(1-d-a)T(1-d-b)

= B(c,d) (3.4)
Proof (i): Let left - hand side of (3.3) be I, we have

- - ,b -
I=[]Gc—p) " (g— 0" zFl[aC ; _:TZ]dx

q o— - w (@n®)n D" (x-p)"
I = fp (x - p) ! (q - x)d ! Z‘i’l:O (©n (q—x)" n! dx

Changing the order of integration and summation, which is justified due to the uniform convergence
of the series and absolute convergent of the integral, we have

- (@) (D) (D"
I =

e +n-1 d-n-1
S Dl (R
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Using integration (2.3), we obtain

(@n (D) (=" T(c+m)[(d—n)

— _ c+d-1y\yo
I'=1(q p) Y=o ©)n n! T(c+d)

Using (1.5) then (1.3), we obtain

— _ c+d-1 a, b .
I=(q =P BE )R 1)
We now observe that the ,F1 can now be evaluated with the help of Gauss’s formula (2.6) and
we arrive at the right-hand side of (3.3). This completes the proof of the result (3.3) asserted in the
theorem 3.2 (i).

Similarly, to prove theorem 3.2 (ii), we use integration (2.4) and Gauss’s summation
theorem (2.6) and followed by a method similar to that used in theorem 3.2(i).

Theorem 3.3: The following integral representation for the Gauss hypergeometric function holds
true for Re(1—a—b—d) > 0,Re(c) > 0,Re(d) >0

1 2¢=1 (1 _ \2d-1 2\—c—d a b, (1+x\? _
1,0 4+0270 (1= 2 A+ 0?7 o |47 (1) ]dx =

r(1-d)T(1-a—b—d)
r(1—-a-d)T(1-b-d)"

2¢t4=2 B(c,d) (3.5)

Proof : Let left-hand side of (3.5) be I, we have

— 2c-1 (1 _ \2d-1 2\—c—d a, b, (1+x)?
I= A +0* Q- 0" A+ m|%Y - (32) ] dx

1-x

1 - - —c— o  (@nB)n (1+0)*(E=D"
=L+ 227 (1= )P (14 x) 70 i, B S dx

Changing the order of integration and summation, which is justified due to the uniform convergence
of the series and absolute convergent of the integral, we have

I

X a\m 1
— ( 1)(C§a)2'(b)n f 1+ x)2c+2n—1 (1-— x)Zd—Zn—l 1+ xZ)—C—d dx.
n T -1

18



Journal Tri. Math. Soc. V25, December (2023)

Using the integration result (2.5), followed by applying (1.2) and (1.5), we observe that the »F1
function can now be evaluated using Gauss’s formula (2.6), leading us to the right-hand side of
(3.5).This completes the proof of the result (3.5) asserted in the theorem 3.3.

4. SPECIAL EXAMPLES

In this section, we will mention a few special cases of our main findings.

4.1. In(3.1), ifwe put,a = i, b= % and c = % then we obtain the following result:

1 3
[VT==%+ VT+x] Z?; (1-x)|dx=2. 4.1)
2
4.2. In(3.2),ifweputa=b=1,c =2, d =3, then we obtain the following result:
[l (1= x)2(1 + 0757 R [1'11; 1-x|dx= L. 4.2)
4.3. In (3.3), if we put ¢ = % ,a=b=d= % , then we obtain the following result:
1 1
qu(x —p)?(q— x)73* oF Zéz; —:%Z dx = % (q—p)¥/*1? G) (4.3)
2

44. In(34),ifweputc=-,a=b=d= % , then we obtain the following result:

1 -3 R
A(x—p)a(g— )+ (x—-7)2 4’4, _ (@-1Ex-p) -1 q-r 2(1
fi =P la— 0 G-z p |t SEDED gy = P T2 (1) (44)

45. In(3.5),ifweputc=-,a=b=d= % , then we obtain the following result:

11
1 3 -t 3 |32 14w)2 1 1
[+ 1= 0z A+xD)7 Rl (32) |dr = i G @3
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5. CONCLUSION:

In conclusion, this study presents three new theorems providing integral representations for the
Gauss hypergeometric function, extending its theoretical scope and potential applications. Each
theorem is accompanied by special cases, which illustrate specific instances of these results. These
findings not only enhance the understanding of hypergeometric functions but also open pathways
for their application in fields such as mathematical physics and engineering. The work offers both

theoretical insights and practical tools, laying a foundation for further research in this area.
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1. Introduction

From historical point of view it is true fact that the modern age is the age of artificial
intelligence(Al). In the modern age, science and technology significantly deal with intricate
phenomena and processes for which there is inadequate information. In such kind of situations,
mathematical models are created for dealing with different types of systems that have uncertain
and imprecise components. Many of these models, like Fuzzy sets, soft sets, neutrosophic sets,
intuitionistic fuzzy Sets, Fermatean fuzzy sets, Pythagorean fuzzy sets, multi Pythagorean
fuzzy sets and many more sets are built on the extensions of standard set theory. In this paper
we cover the core features of a Multi Fermatean Fuzzy Lie sub algebra of Lie algebra.
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Most probably numerous domains along with signal processing, artificial intelligence, multi
agent systems, computer networks, robotics, genetic algorithms, expert systems, neural
networks, decision making, medical diagnosis and automata theory shall be benefited with the
acquired outcomes. The idea of Lie algebra was first introduced by Sophus Lie (1842-1899)
in an effort to categorise certain smooth subgroups of general linear groups [8]. Lie algebras,
so named because they were invented by Sophus Lie, are a specific instance of general linear
algebra. Following the introduction of this theory, Lie groups were used in mathematics and
physics to categorise smooth subgroups. In [ [1],[11],[22],[17],[18], [19] ], Lie sub algebras
and their properties were created and explored in more detail. L.A. Zadeh [10] proposed the
concept of fuzzy set (FS) in situations that are vague, imprecise and uncertain. As a
generalisation of fuzzy set, K. Atanassov [9] created intuitionistic fuzzy set (IFS) in 1986. His
theory thereafter became widely acknowledged as an essential resource in the fields of science,
technology, engineering, medicine, etc. In 1995, neutrosophic set (in short,NS) was introduced
by F. Smarandache [4] as a generalization of not only intuitionistic fuzzy set but also of
inconsistent intuitionistic fuzzy set, Pythagorean fuzzy set, Farmatean fuzzy set, spherical
fuzzy set, n-Hyperspherical fuzzy set and so on. In order to create model for vague and
imprecise information, the model of Fermatean fuzzy sets (FFS) was introduced by Senapati
and Yager [20] which is someway different from IFS model since it involves the condition 0<
T 3+F3 <1, where T and F stand for membership and non-membership function respectably. In
decision making problems, Fermatean fuzzy set model (FFS model) has significant application
proposed by Zamana, F. Ghania, A. Khana, S. Abdullaha and F. Khan [13]. The application
range of solving real life problems such as decision making problems in FFS model is popularly
increasing than that of the IFS model because number of pairs satisfying the condition 0< T 3
+F3<1 is higher than that of the condition 0 < T +F <1. Smarandache [3] subsequently proposed
the model of multi Fermatean Fuzzy set which is the genralization of Fermatean Fuzzy set
model.

The present paper is organized in the following manner: Section 1 represents the introduction
and literature review of neutrosophic logic.
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Section 2 focuses into common definitions and preliminaries. Section 3 describes the concept
of Multi Fermatean Fuzzy Lie sub algebras and Multi Fermatean Fuzzy Lie ideals of Lie
algebra. Some of their fundamental properties and operations like intersection and generalized
cartesian product are investigated. Moreover, the relationship between Multi Fermatean fuzzy
Lie sub algebras and Multi Fermatean fuzzy Lie ideals are also established. In section 4, we
investigate the images and the inverse images of Multi Fermatean fuzzy Lie sub algebras and
Multi Fermatean fuzzy Lie ideals under Lie homomorphisms. In section 5, we give the
conclusion of the newly defined concept of Multi Fermatean fuzzy Lie sub algebras and Multi
Fermatean fuzzy Lie ideals.

2. Prelimineries

This section consists of some common notations and definitions which have been involved in
the course of the paper. A Lie algebra is a vector space L over the field F(F = R or C) on which

L x L— L defined by (y, p)=[y, pu] for all y, u €L where [y, u] is called Lie Bracket satisfying
the following conditions: (1) [y, u] is bilinear (2) [y, y]=0, forally € L (3) [[y, u], A+[[u, A],
YIHLIA, v], u]=0, for all y, u, A €L (This is called Jacobi identity).

Throughout the paper L will denote Lie algebra and also we note that the operation Lie bracket
[.,.] is neither associative nor commutative i.e,[[y, u], A] # [[u, A],y] and [y, pu] # [u, v]. But the
operation Lie bracket [.,.] is anti-commutative i.e. [y, u] = -[l, y]. A subspace H of L is called
a Lie sub algebra if it is closed under [. , .]. A subspace | of L is called a Lie ideal if [I, L] < I.
It is always true that every Lie ideal is Lie sub algebra.

Definition 2.1. [10] Let U be a Universe of discourse. Then the fuzzy set (briefly, FS) on U is
described as F= {(x, u(x)): xeX, where, p(x) € [0,1], denotes the degree of membership of
XeX}.

Definition 2.2. [9] Let U be a Universe of discourse. Then the Intuitonistic fuzzy set on U is
described as F= {(x, u(x), v(x)): x€X, where, u(x), v(x) € [0,1], indicating the degrees of
membership and non-membership respectively such that 0 <pa(x)+va(x)<1}.
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Definition 2.3. [20] Let U be a Universe of discourse. Then the Fermatean fuzzy set on U is
described as F= {(x, u(x), v(x)): xeX, where, u(x), v(x) € [0,1], indicating the degrees of
membership and non-membership respectively satisfying 0 < (ue (X))*+ (ve (X))3 <1}.

Definition 2.4. [4] Let X be a Universe of discourse. Then the neutrosophic set is defined by
N={(x, T (x), Mx), n(x)), Xx€X, where, T , A, n € [0,1], indicating the degrees of truth,
indeterminacy and falsehood respectively that satisfy 0 < inf(t ) + inf(A)+ inf(n) < sup(t ) +
sup(A)+sup(n) <3}.

Definition 2.5. [3] Let X be a universe of discourse. Then, a Multi Fermatean Fuzzy set
(shortly, multi PFS) on X is defined by M= {(X, X(T1,T2,...,Tp; F1,F2,...,Fs)): X€X, where p and
s are integers > 3 with p+s = n >3, and at least one of p and s is >2, in order to ensure the
existence of multiplicity of at least one Fermatean component: truth or falsehood; all subsets
T1,T2,....Tp; F1,F2,....Fs S [0,1]; 0 < (Ti)*+ (F)* < 1, for all i=1,2,3,......p and k=1,2.3,.....s.

3. Properties of Multi Fermatean fuzzy Lie algebra

In this section, we first define Fermatean fuzzy Lie sub algebras and Fermatean fuzzy Lie ideals
and then the notion of Multi Fermatean fuzzy Lie sub algebras and Multi Fermatean fuzzy Lie
ideals are initiated. Some characterizations, counter examples, and basic properties are also
investigated.

Definition 3.1. A Fermatean Fuzzy set (briefly, PFS) W= (t, n)) on L is said to be Fermatean
Fuzzy subalgebra if, vV y,u €L; Vce F, the following assumptions hold good:

(1) w(y+p) = Min{ow(y),ow (L)}, nw(ytp) < Max {nw(y), nw(p)}

(2) Tw(cy) = Tw(y), nw(ey) < nw(y)

(3) twly,u] = Min{tw(y),7w (1)}, nwly,n] < Max {nw(y), nw(H)}-

Definition 3.2. A Fermatean Fuzzy set (briefly,PFS) W= (t, ) on L is said to be Fermatean
Fuzzy Lie ideal if, V y,u€L; Vce F, the conditions (1) and (2) of definition (3.1) and the
condition: tw([y,p]) = tw(y), nw([y,p]) <nw(y), holds good.
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Definition 3.3. Let Nj={1,2,....,I}, Nn ={1,2,....,n} and L be a Lie Algebra of vectors over the
field F. A Multi Fermatean Fuzzy set W = (tjy, , Tfy,....Tw; 1y, /1151 115,) ON L is said to be
Multi Fermatean Fuzzy Lie sub algebra over L if, V y,n €L; V i€EN;,V KENy, VceE F, the
following assumptions hold good:

(1) Thy (y+p) = Min{ 7, (), Tw(W)}, 75 (v+w) < Max{ 7€, (v), 7, (W)}
(2) T (ey) = Ty (), 7, (cv) < 7, (1)
(3) Tiy[y.n] = Min{tjy (v), Ty (W} 75, [v.0] < Max{ 7, (v), 75, (W)}

Definition 3.4. Let Ni={1,2,....,1}, Nn={1,2,....,n} and L be a Lie Algebra of vectors over the
field F. A Multi Fermatean Fuzzy set W = (tjy , Tfy,....Tis Ty + 1Ty 77,) ON L is said to be
Multi Fermatean Fuzzy Lie ideal if,¥ yn €L; V iEN;,V KENy, Vce F, the conditions (1)-(2) of
definition (3.3) along with the following conditions are satisfied: V yn €L, (4) ti,[y.u] > iy

(1), 77’;, [v,u] < 77";, (y). It follows from condition (2) that (5) i}, (0) > T}y (7), 77";/(0) < 77";,(7)
(6) Ty (-v) =Ty (1), 7, (1) < 75, ().

Theorem 3.5. Let M=(ty; , Th,...,Thes 77, 2170 1Ty) DE @ Multi Fermatean Fuzzy Lie ideal
over L and let Ni={1,2,....1}, Nn={1,2,....n}, then },(0)= Sup{zj,(v): yEL} and 7%, (0)=
Inf{nzlf/z (y): YEL}V iEN; ,V KENn.

Proof. From condition (5) of definition (3.4), we have, 75,(0) > 74 (Y)........... (1), nl’jI(O) <
nl’fd(y) ............. (2) As y runs over L, the results follow just taking supremum on both sides of
above inequality (1) and infimum on (2).

Theorem 3.6. Let M = (L, {t},}}_,, {nj\‘l}}}:l) be a Multi Fermatean fuzzy Lie ideal over L.
Then for each vy, o €[0,1] satisfying ti, (0) >, 771"‘4 (0) <o and 0 < y+ o < 1, the (v, o)-level
subset L3 is a Multi Fermatean fuzzy Lie ideal of L.

Proof. Straight forward from definition.

26



Journal Tri. Math. Soc. V25, December (2023)

Theorem 3.7.If § is a fixed element of L and M = (L, {t};}{=y, {#%,}¥=1) is @ Multi Fermatean
Fuzzy Lie ideal of L. Then the set defined by M®= {ye L: 7}, (v) > 74, (3), 7, (v) < 17%, (8)} is
a Multi Fermatean Fuzzy Lie ideal of L.

Proof. Suppose that y,u € M®, i€N;, KENn. Then Vy,u € M®, V ieN;, V KEN,

Ty (YT = Min{ty (), Ty (W}= T4 (8);

7k, () < Max {775, (v), 75,(w)} <n¥,(3).

This implies that y+p € M?,

Now, Vy € M® V¥ ieN; ,V KENy, VCE F,

Ty (cv) = Ty (V)2 Ta (B);

iy (cy) < (V) < 175,(8) = cy EM?.

Also for every y € M® and for every p € M® vV i€N;, V KENp,

Tiy [v.1] = Min{Tj,(y), 73 (1)} > T3,(8); 75 [y.0] < Max{77%,(v), 7,(w)} < 7¥,(8), which shows
that [yn] € M® . Hence, M? is a Multi Fermatean Fuzzy Lie ideal of L.

Theorem 3.8. If M = (L, {},}i=y, {7 }i=1) is @ Multi Fermatean Fuzzy Lie ideal of L. Then
the set defined by M® = {ye L: 7}, (v) > t(0), 7%, (v) < 75,(0), V ieNi, kENn} is a Multi
Fermatean Fuzzy Lie ideal of L.

Proof. Straight forward.

Theorem 3.9. Let W = (L, {tiy}}_1, {77";/}221) be a Multi Fermatean Fuzzy Lie sub algebra of
a Lie algebra L and R € L x L be a binary relation on L defined by R ={(y,u) € L x L | ¥, (y-
W) =73,(0), 7E, (v-W) =77,(0), v,u € L, iENI, KEN}, then R is a congruence relation on L.

Proof. First of all, we need to prove that the relation R is equivalence relation on L.
Now (i) Reflexivity: Since V' y € L, tjy (y-y) =ty (0), 7%, (v-y) =1%,(0), thus, (v,y) ER, V y €
L,V ieN;, keNn, and consequently R is reflexive relation on L.
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(i) Symmetric: Let, (y,u) € R. Then 7y, (y-p) = 73,/(0) = iy (-(u-y)) = 7jy (U-y) = 735/ (0),
1y, (r-1) =17, (0), = 7, (-(-v)) < 775, ((W-v)) = 77§;,(0), Thus, (1,y) €R, Vv, p € LV iEN,
keNn, so that R is symmetric relation on L.

(iii) Transitive: Let, (.1, (1,0)€ R. Then 7jy(y-p) = 73,,(0), 7jy (u-0) = 73%(0) 77k, (y-) =
n%,(0), 7%, (u-0) = 77 (0) From which we have, T}, (y-06)= tly {(y-H)+ (H-0)} = Min {Tly(y-
W), 7w (U-0)} = 735 (0), 775, (v-0)= 775, {(y-W)+ (U-0)} < Max {775, (y-W), 7%, (u-0)} = 77, (0).
Hence, (y,0) €L,V iEN;, KEN, and consequently, R is transitive relation on L. Hence, R is an
equivalence relation on L.

We now verify that R is an congruence relation on L and for that let us take (y,u), (1,0) € R.
Then 7y (y-1) = iy (0), Tiy (U-0) = T35 (0), 77f, (v-R) = 7, (0), 77k, (H-0) = 77, (0).

Now if y1, v2, M1, H2 € R, then we must have,

Ty {(y1+y2)- (Mt 12)} = iy {(y1-HO+ (y2-H2)} = Min {z5, (y1-Ha), Tiy (v2-H2) } = T3y (0),

e, {(vaty2)- (ot W2)} =77 {(yi-Ho)+ (ya-H2)} < Max {778, (ya-pa), 775, (va-12)} = 775, (0),

Ty (cy1-C1) =Ty {e(y1-H1)}> Ty (v1-H1) =73, (0),

e, (eyi-cpa) =77, {e(ya-p) }> 78, (va-pa) =775, (0),

Ty {[yav2l- [, M2l = Ty [(ya-H), (va-H2)] = Min {T5, (y1-Ha), Tiy (v2-H2) } = T3 (0),

e, {lyty2l- [uat p2l} =70 [(va-H), (va-p2)] < Max {77, (va-Ua), 775, (va-p2)} = 775, (0),

Thus, (y1+y2) R (W1t H2) , cyiRcp and [y1,y2] R[M1, M2l
Hence, R is a congruence relation on L.

Theorem 3.10. Every Multi Fermatean Fuzzy Lie ideal is Multi Fermatean Fuzzy Lie sub
algebra. Proof. Straight forward from definition.

The converse of the above theorem (3.10) is not true which can be seen from the following
example:
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Example 3.11. Suppose that F=R, the set of real numbers and L = {(a,B,y): o.B,yER} be the
Lie algebra. Let us define the mapping LXL—L by [u,v]=uxv+v, where x denotes the vector
product (or cross product). Consider the Multi Fermatean fuzzy set W= (ty, , Tfy...., Tw; 775,

TPy 5y) : L [0,11X[0,11%[0,11%[0,11%[0,1]x[0,1]x[0,1]x[0,1]x[0,1] described by

?J ifa = ﬁ =y = 0
Ty (o,B,Y)= Ol_s ifa+08=y=0-fri=1234.

0, otherwise
0, ifa=p=y=0
0.7 .
7 (py)y={% Fa#08=Y=0fork=12345.
%, otherwise

Then it is easy to verify that W is a Multi Fermatean Fuzzy Lie sub algebra of L but it is not
Multi Fermatean Fuzzy Lie ideal of L because for all i=1,2,3,4, T, [(2,0,0),(i,-,i)]= ©¥, (i,-3i,-
)=0< 7}, (2,0,0).

Theorem 3.12. Let Ni={1,2,....,I}, Nn={1,2,....,n} and L be a Lie Algebra of vectors over the
field F. The necessary and sufficient condition for a Multi Fermatean fuzzy set W = (z3, ,
ThprenTiys My 1Tpreen 1) 10 be @ Multi Fermatean fuzzy Lie sub algebra over L is that,

vre[0,1], non-empty upper  r-level cut U(zl,) = {y € L : t¥}, (y) >, ¥ iEN/} and non-empty
lower r-level cut Vi(77%,) ={y €L: 1%, (y) <r, V KENn} are Lie sub algebra over L.

Proof. Suppose that W = (t}, , 72/,..., Ty} Ny + Moo 1) 1S @ Multi Fermatean Fuzzy Lie sub
algebra over L and re[0,1] is such that U«(z,) # . Let y,n € Ur(z,). Then V yneEL; V ieN;
¥ KENn, YCE F, Ty (y+p) = Min{zjy (v),73 (1)} 2r,

s, (yHw) < Max {7, (v), 75, (W)} <t

Ty (¢y) = Ty ()21, 7, (cy) < 71, () <,

Ty [v,1] = Min{zj, (v), Ty (W)}> 1,

e, [v.u] < Max {7 (v), nf, (W)} <r.
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Thus, y+u,cy, [v.1] € Ur(th), y+u.cy, [v.u] € Vr(n’;V). Hence, Ur(t},) and Vr(ﬂﬁ,) constitute
Lie sub algebra over L.

Conversely, suppose that v i€Njand v r € [0,1], Ur(t,) # ¢ is a Lie sub algebra over L and

1

if possible suppose that i, (y+1) < Min{t{,(y),74 (1)} for some y,u € L. If we choose ro= E

(thy (y+) + Min{zi,(v),75 ()}, the by properties of inequality we must have, iy, (y+p) <
ro<Min{t{,(y),t4,(n)}. This implies that, y+u ¢ Ur(th), v,u € Ur(tl,), Which is a
contradiction. Hence ¥, (y+p) > Min {7}, (y),75% (W}, V 7.1 € L. In a similar manner we can
prove that ¥, (cy) > 7, (y) and i, [y,u] > Min{t{, ().t} (1)}, VCE F, V i€N; . The proof is
similar for the case Vr(n’v‘v). This completes the proof.

Theorem 3.13. Let Ni={1,2,....,I}, Nn={1,2,....,n} and L be a Lie Algebra of vectors over the
field F.IfV = (2§ , T8, T 7 1750 70) @NA W = (T, Tl Tiys Ty 715 0eens 7T, AFE WO
Multi Fermatean Fuzzy Lie sub algebra over L, then their intersection VAOW= H = (7} ,
Th e Thrs 1y 1 77) 18 @150 Multi Fermatean Fuzzy Lie sub algebra over L.

Proof. Suppose that y,u € L be arbitrary. Then V ieN; ,V KkENp, Yce F, we have,
Th () = Min{zj, (y+p), Ty (v}

> Min {Min {z}(),eb (10} Minely (1,7l (W3}

=Min{Min{z}, (),7iy (v)}.Min{z}, (W), () }}
=Min{z};(v),7h (1)}

7 (yHw) = Max {7 (y+w), 75, (y+u)}

< Max {Max{ 77 (), 77 (W}, Max{ 7%, (), 75, ()3}

=Max{Max{7% (v), 7, (v)},Max{n (), 7, (1)}}

=Max{ 775, (), 75 (W)}

T} (cy) = Min{t}, (cy), Tiy(cy)}> Min{zy (v), Thy (1)} = T4 ()

1y, (cy) = Max {7 (cy), 7, (cy)} < {Max{n (v), 7, (V)} =7, (7)
Ty [y.u] = Min{zj, [y,u], Ty [y.u]}

> Min {Min{z (v),7,(0)}, Min{zj, (v),75,(1)}}

= Min {Min{t}, (v), Ty (v)},Min {zj,(1), iy ()}}

= Min {t}; ().t (W}
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1 [y, wl=Max{ 7% [y, nl, 75, [y, ]} <Max {Max {7 (v),75 (W)}, Max{7, (), 75, (W}}

= Max {Max{7(y), 7k, (v)},Max {r7fs (W), 7, (W}} = Max {7 (v), 75 (W)}
Hence, VNW=H is Multi Fermatean Fuzzy Lie sub algebra over L.

Definition 3.14. Let Ni={1,2,....,I}, Nn={1,2,....,n} and L be a Lie Algebra of vectors over the
field F. If V= (2), ©5, T 75 170 ) @NA W = (T, Tl Tl 1, 77500775, @TE tWO
Multi Fermatean Fuzzy sets on L, then the product H= VVxW defined on L xL will be known

as generalized Cartesian product if

(VXW) (V.10) =L (T s ThreensTys 1 1o 1) X (Tl s Tl Ty Ty 1 1ogneens )] (V510)

= (TH s TROHe s T OIS 7T (15 T4 (V)5 T (Y1), ¥ (vo1) € L XL,

where, T, (v.1)=(t} Xl )(v.w)= Min { T (7), tly (W}, V iENI .

15 (rw=(r7ls x 7)) (y.wy= Max{ 75(y), 7€, (W)}, v KENn. Evidently the generalized Cartesian
product (VXW) is Multi Fermatean Fuzzy set on L xL if 0 < {7}, (y,n)}® +{771k{(y,u)}3 <li.e,

0 < {Min{t} (y), iy (W3} + {Max{r(y), 7, (W)}}* < 1, where, iENI KENK.

Theorem 3.15. Let L be the Lie Algebra of vectors over the field F. If V = (7, , 75,...7y; 175,
) AN W = (Thy |, Ty Tiys Ty 21T 1T,) are two Multi Fermatean Fuzzy Lie sub

algebra of L, then the generalized Cartesian product (VxW) is Multi Fermatean Fuzzy Lie sub
algebra of LxL.

Proof. Let Ni={1,2,....,I}, Nn={1,2,....,n} and L be a Lie Algebra of vectors over the field F.
Then, V i€EN;,V KENn V y=(y1,72), U=(H1,42) EL XL and ceF, we have,

(i *Tiy (i) =(ty X?ﬁv) ((y1.y2)+(Me,H2)) =( 75X Tiy) (2 + M), v2 + H2))
=Min{7y(v1+ W), Tw(y2+H2) }

>Min {Min { j,(y1), 75 b1 ) Min { iy ( 2), T (123}

=Min {Min { 75, y2), Tiy(v2) LMin { 7, ( ), iy (12 )3}

=Min { (7% i) (71, v2),( Ty > i) (Ha, 2 ) }

=Min { (7% i) (7 THx 7ip) (1) }
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(ol > fs, Yy + ) =Cmex 7ls,) (Cya s v2)+(He, H2)) =(75% 7)) ((va+ Wo)(v2 + [
=Max { 7f(y1+ W), 75, (y2+p2) 3

<Max {Max { 7¥(y1), 7( ) 1Min { 75, (v2), 7, (12 )3}
=Max {Max { 7& (y1), 7, (v2) J:Max { 75 (), 7, (12)}3}
=Max { (7% 7)) (y1,v2) (7% 1) (ma, p2)3} =Max { (7% 7)) (V). fx o) (1) }

(tix iy )ey) =(Thx tly) {c(y1,v2) }=(Th* Thy) (cy1.6 12)
=Min { tj(cy1), Tiy(c y2) } = Min { T/ (y1), Tiy(72) }
=(tix thy) (v1,72) =(Thx Tiy) (7)

(s xnf) {ey) y =Cmsx 7)) {e(yr, v2) 3=(mx 7)) (cy ey 2)
=Max { 7§ (cy1), 7l (cy2) } <Max { 7¥(y1), 7 (v2)}
=(mlx ) (v, v2) =(rx nf) (v)
(2o T ] =(Tyx i) (v, 72 (K )]
> Min {Min { 7y (y1), Tw(v2)} , {Min {7y, (L 1), Ty (K 2)}}

= Min{( j x tly) (y2,72) 1L (0% Tly) (o, 1)}

=Min{ (yx i) (), (Tv* Tw) (W) }

(ol x )Ly, ] =Coiex 77le) [Cya s v2), (K, p2)]

< Max {Max { 775(y1), 775,(v2)}, {Max {my; (1), 77y, (H2)}}

= Max {(7x 7)) (yy2)} {C = 7)) (e u2)}

=Max {( 7% 75) (), Crlx 7E) (W) 3.

Hence, (VxW) is Multi Fermatean Fuzzy Lie sub algebra of LxL.

4. Multi Fermatean fuzzy Lie algebra homomorphisms

In this section, the properties of Multi Fermatean Fuzzy Lie sub algebras and Multi Fermatean
Fuzzy Lie ideals under homomorphisms of Lie algebras are investigated. Also some of their
preservation aspects are examined.
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Definition 4.1. Let L1 and L be two Lie algebras over the field F. A linear transformation ¢:
L1 — L2 is said to be Lie homomorphism if the relationship ¢([y,u])=[d(y),d(1)] is true, V y,u
€ L.

Definition 4.2. Let L; and L2 be two Lie algebras over the field F. Then a Lie homomorphism
¢: L1 — Lz is said have natural extension ¢: It — "2 if for all W = (tjy, , ..., Tiy; 75,
) €1 and PEL,, the followings hold: ¢(tjy, )(W)= Sup{ziy(v): YE¢ *(1),yEL1}, for
alli=1,2,3,...,I. d)(?]";/ (W)= Inf{n’;V (): Y€ ¢ 1(n),yeL1}, forall k=1,2,3,...,n.

Theorem 4.3. Let W = (7yy , Ty, Tiys 7y 7750 7T,) €17 be Multi Fermatean Fuzzy Lie
sub algebras and ¢: L1 — L2 be Lie homomorphism between L1 and Lo. Then ¢ (W) is Multi
Fermatean Fuzzy Lie sub algebras of L.

Proof. Suppose that p1, h2 € Lo. Then {y: Y€ ¢ Y(H1+H2)} 2 {yi+y2:71€ ¢ (1), 12€ ¢ (U2)}-
Now, for all i=1,2,3,...,1, we have,

o(tiy )(Ma+Hz)= Sup{Tiy (v): YE ¢ *(Ha+pa),yELL}

> {7y (y1ty2) 771€ ¢ (M) y2€ ¢ (1)}

> Sup{ Min{ iy (y1), Ty (v2)} :y1€ ¢ "(M).v2€ ¢ (2)}

= Min{Sup{zy (v1) 1€ ¢ (1)}, Sup{Tiy(v2) :v2€ ¢ (12)}}
= Min{o(7iy) (1),0(Tiy ) (U2)}

and for all k=1,2,3,...,n, we have,

O(775, ) (atu2)= InF{n%, (v): Y€ ¢ (Ha+p2),vELL}

< {1, (ya+y2) 1y1€ ¢ (He),v2€ ¢ H(H2)}

< Inf{ Max{ 7%, (y1), 775, (y2)} :y1€ ¢ (H1),72€ ¢ *(12)}
=Max{Inf{#7{,(v1) :v1€ ¢~ (L)}, INF{7 (v2) :72€ ¢ (12)}}

= Max{(775,) (1), o (775, ) (H2)}-
For i € L, and c€ F, we have, {y: Y€ ¢ 1(cu1)} 2 {cy:v€ o (W)}
Now, for all i=1,2,3,...,1, we have,

o(tiy )(cH)= Sup{iy(cy): Y€ ¢ (n),yeL1}

> Sup{Tiy(cy): Y€ ¢ (cn).vEL:}
> Sup {1y (v): YE ¢ '(W),yEL1}
= o(ty) (W).
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Similarly, for all k=1,2,3,...,m, we can we prove that
o(77%,)(ep)= Inf{ 7% (cy): v€ ¢ (), vELL}

< Inf{r7,(cy): YE ¢ *(cp),vELL}

< Inf{7¥,(y): Y€ $~(w),yEL1}

= o017, ) (1).

For, p1, P2 € Lo, then {y: € ¢ M (U1+H2)} 2 {y1+y2:v1€ ¢ (H1),y2€ ¢ (H2)}-
Now, for all i=1,2,3,...,1, we have,

o(tiy )([H1,M2])= Sup{iy (v): YE ¢ ([M1,M2]),vEL1}

> Sup{Tiy([yn.y2]) V1€ ¢ H(M1),v2€ ¢ ()}

> Sup{ Min{ 7jy (y1), 7y (y2)} 71€ ¢ (1), y2€ ¢ (U2)}

= Min{Sup{zjy(v1) :v1€ ¢ (1)}, Sup{Tiy(v2) :v2€ ¢ (H2)}}
= Min{(tiy ) (1), d(Tiy ) (H2)}.

Similarly, for all k=1,2,3,...,m, we can we prove that

o (7%, ) ([, k2])= Sup{7, (v): Y€ ¢~ *([Ma,b2]),yELL}

> Sup {7, ([yL,y2]) :71€ ¢ (Wa),v2€ ¢ (W)}

> Sup{ Min{ 775, (v2), 7, (v2)} 1€ ¢ (Ma),v2€ ¢ (12)}

= Min{Sup{7,(v1) :v1€ ¢~ (U1)}, Sup{7%, (v2) :v2€ ¢ '(2)}}

= Min{o(77;,) (1), H(77y;,)(2)-
Hence, ¢ (W) is Multi Fermatean Fuzzy Lie sub algebras of L.

Theorem 4.4. Let W = (tyy , Thy,.. Tiys Ty, 21Ty 1Ty) EI- be Multi Fermatean Fuzzy Lie
ideal and ¢: L1 — L2 be Lie homomorphism between L; and L>. Then ¢(W) is Multi
Fermatean Fuzzy Lie ideal of L.

Proof. The proof is similar to the proof of Theorem 4.3

Theorem 4.5. Let W = (T, , Tiy,....Tiys Ty, » 1771017, )EI? be Multi Fermatean Fuzzy Lie sub

algebras and ¢: L1 — L2 be Lie homomorphism between L; and L. Then ¢ *(W) is Multi
Fermatean Fuzzy Lie sub algebra of L.
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Proof. Suppose that i, g2 € L1. Now, for all i=1,2,3,...,I; k=1,2,3,...,n; we have,
07! (tiy )(Ha+2)= Ty [o(Ha+i2)]

=iy [o(H1)+¢(K2)]

> Min {7, (6(H)), Ty (¢(H2))}

=Min {o(zy)(1a), ¢ (zir) (M)}

O (175, ) (atu2) = 7 [d(Hatu2)]

=17, [0 (1) +o(2)]

< Max {17;,(0(Ha)), 775, ($(12))}

=Max {¢ (775, ) (1), ¢ *(17);,) (H2)}-

For all p € L1 and ce F, we have,

o~ (i) (ew)= Ty [o(c)] =tiy [cod(1)] = iy (H()) = ¢ (i) (W)
o~ (7%, ) (ew)= 17, [o (k)] =17y, [ed(w)] < 775, (d(W)) = & (73, ) (W)
For all p1, p2 € L1, we have,

O~ (i) M, Ma]= i (9L ka]) =iy [9(11),§(12)]

> Min {7, (6(H1)), Ty (0(H2))}

=Min {6 (ziy)(a), 07 (7)) (H2)}

O (7 ), k2] = 775, (O [ua,2])= 77 [0 (1), 0 (2)]

< Max {17;;,(¢(Ha)), 775, (9 (1))}

=Max {o (775, ) (1), ¢ (775, ) (M)}

Hence, ¢ 1(W) is multi Fermatean Fuzzy Lie sub algebra of L.

Theorem 4.6. Let W = (T, , Tiy,... Ty 77y 1110 1T )EI be Multi Fermatean Fuzzy Lie
ideal and ¢: L1 — Lo be Lie homomorphism between L: and Lz. Then ¢ (W) is Multi
Fermatean Fuzzy Lie ideal of L.

Proof. The proof is similar to the proof of theorem (4.5)
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5. Conclusion

In this paper we introduce the concept of Multi Fermatean Fuzzy Lie sub algebras and Multi
Fermatean fuzzy Lie ideals of Lie algebra. Some of their fundamental properties and operations
like intersection and generalized Cartesian product of Multi Fermatean Fuzzy Lie sub algebras
are investigated. Moreover, the relationship between Multi Fermatean Fuzzy Lie sub algebras
and Multi Fermatean Fuzzy Lie ideals are established. Lastly, the image and the inverse image
of Multi Fermatean Fuzzy Lie sub algebras (Multi Fermatean Fuzzy Lie ideals) under Lie
homomorphisms are also studied. In future the proposed work shall be extended with the help
of multi spherical set and so on in Lie algebras. The proposed work is applicable in any multi
criterion decision making problem, pattern recognition and classification problems especially
problems with more than one decision makers. Therefore, this new theory will be a useful tool
in decision and ranking problems such as robot selection, green supplier’s selections, solid
waste landfill site section problems etc. In the near future we give some application of the
proposed theory to some multi criterion decision making problems such as medical diagnosis
and pattern recognitions.
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Abstract. In this article, we introduce the notion of statistical weak convergence in
Pringsheim’s sense of double sequence in a normed linear space X. We discuss the algebra of
weak statistical limit of double sequence. Further, we also discuss the existence of weak

statistical limit and inclusion property.
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1. Introduction

The idea of statistical convergence is the generalization of the usual convergence.
Independently, Fast [6] and Schoenberg [13] proposed the idea of statistical convergence. It
was further examined from the perspective of sequence space and connected to summability
theory by a number of authors, including Buck [4], Fridy [7], Gokhan et al. [8], Tripathy [14],
and others. The concept of asymptotic density of subsets of the natural number set N is

necessary for the idea to be feasible. The following definitions are due to Tripathy [14].
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The density §(D) of asubset D of N x N is defined as follows:
§(D) = p,lf,rilooi{zﬁﬂ 1 xo( k), xp(n k)} exists. (D) = 1 — 8(D).

If a double sequence (a,;) fails to satisfy a property over a subset of N x N of density zero,

then (a,;) is said to satisfy property P for almost all n and k, written as a.a.n and k.

It was Pringsheim [12] who first proposed the idea of double sequence. Furthermore, it is
found in Bromwich [3]. Moricz [10], Basarir and Sonalcan [1], and others have all examined
the double sequence from various angles. Pringsheim [12] defined the convergence of double

sequence as following.

A double sequence (a,x) is considered to converge if, lli(m anx = L, where n,k — oo,
n,k—oo
independent of one another.

Connor et al. [5] have created a novel concept, weak statistical convergence, to characterize
Banach spaces with separable duals. Weak statistical convergence was also used by Pehlivan
and Karaev [11] to justify a result of Gokhberg and Krein [9] on compact operators. Bhardwaj
and Bala [2] established that the notion of weak statistical convergence is a generalization of
the notion of weak convergence and that the notions of the norm and weak statistical

convergence are comparable in finite dimensional normed spaces.

2. Statistical Weak Convergence in Pringsheim’s Sense Double Sequence

Definition 2.1. A double sequence (a,;) is said to be weak statistically convergent in

Pringsheim’s sense to limit L € X if lim i Imn<p;k<qflan—L)=¢|=0f€eX"ie,
p'q—)OO

w-—stat

forall f € X', f(au) — f(L) < &, fora.a.n &k. Itis denoted by a,, —— L.
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Theorem 2.1. The weak statistical limit of a double sequence if it exists is unique.
. w-stat w-stat
Proof: Consider that a,,;, —— L and a,,, —— M, where L # M and L, M € X.
Then, forall f €e X"and L, M € X,
|f (ani) = F(L)] <=, for a.a.n &k and, |f (an) — f(M)| <=, for a.a.n &k.
We have, |f(L) — f(M)| = If(L) — f(an) + f(ane) — F(M)|
= f (L) = flan)| + If (an) = F(M)]

£
> +§,a.a.n&k

N| M

> ¢g,a.a.n &k.
This implies, |f(L) — f(M)| — 0.
This implies, f(L) = f(M). Hence, the weak statistical limit is unique.

Theorem 2.2. A double sequence which is convergent in Pringsheim’s sense is weak statistical

convergent in Pringsheim’s sense but not conversely.

Proof: Let (a,;) be convergent in Pringsheim’s sense. Then, for every € > 0 and foralln, k >

ny we have, |la,, —L| <e.ie,lay —Ll -0, ......... (D
Also, |f(an) — fW)| = |f (apx —L)| = 0, for a.a.n&k (using 1)

This implies, |f(an,) — f(L)| = 0,for a.a.n&k . Hence, (a,,) is weak statistically

convergent in Pringsheim’s sense.
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The following example shows that the converse of the theorem is not true.

Example 2.1. Consider X = £,,1 <p < oo. Let (a,) € ¥,, defined by a}"‘ = ey, forall j <

nk.Letf € ({’p)',where (fp)' is €, with % + % = 1, defined by f(an,) = X5, af*b;. Then,
1 1
f (@)l = |22 a™b;| < |(Z52,a)"|P|(Z52, b;)|* = 0,as n, k - oo, This implies that

w w-=stat
a,x — 0 and hence, a,;;, —— 0. However, a,;, — 0, as n, k — co. Hence, the result.

—stat
Theorem 2.3. Consider two double sequences (a,;) and (b,) in X and a, uL,
—stat
bk e M, where L, M € X. Then the following conditions holds true:
w-=stat
(a.) Ank +bnk—)L+M

w-stat
(b) Ank — bnk_)L -M

w-—stat
(C) Ank- bnk —> LM

w-—stat

(d) % — % provided neither bn nor M are zero element of X.
nk

w-—stat A
(e) aa,y — alL, a is a scalar.

} w-—stat w-stat
Proof: (a) Given that a,;, —— L and b,;, —— M. Then, for every € >0, |f(a) —

f(L)] <§, for a.a.n&k and |f (b)) — f(M)] <§, fora.a.n&k and forall f € X',L,M € X.
Forall f € X', [{f (ank) + f(bui)} — {L + M}| = [{f (an) — L} + {f (ani) — M}|

s ¢
<E+E,fora.a.n&k

< g fora.a.n &k.

This implies, |{f (anx) + f(bnx)} — {L + M}| < ¢, for a. a.n&k.
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. w-—stat w-stat e
(b) Given that a,; —— L and b,, —— M. Then, forevery € > 0, |f(a.x) — f(L)]| < >

for a.a.n&k and |f (by) — f(M)| < =, for a.a.n&k and forall f € X',L,M € X.

Forall f € X', [{f (ank) = f(bnic)} = {L — M} = |[{f (anic) — L} + {f (ame) — M}

&

<
2

€
+ E,for a.a.n&k

< g fora.a.n &k.

This implies, |{f (an) — f(bp)} — {L — M}| < g, for a.a.n&k.

A w-—stat w-stat
(c) Given that a,;, —— L and b,;, —— M. Then, forevery € > 0, |f(a,x) — f(L)| < &,

for a.a.n&k and |f (bye) — f(M)| < &, for a.a.n&k and for all f € X', L,M € X.
For all f € X', we have
|f (ankbni) — f (L. M)| = |f (anibni) — f(an) fF(M) + f(an) f (M) — f(LM)|
= |f (ankbni) — flan) f(M) + f(an) f (M) — f(LM)|
= |f(ani) f (bux) — f(ani) f(M) + f(ane) f(M) — f(L)f (M)
= |f(@n){f (bni) — FD} + fFMD{S (an) — FL}
< f@@wd | {f (i) — FMD} + If (M I{f (ank) — f (L)}

<|flay)les + |f(M)|e,fora.a.n&k ...l (2)
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We have,
|f (and| = If (ani) — £ (L) + f(L)]
< If(an) = FDI+ WD
<& +I|f@L)fora.an&k ... (3)

i.e., Considering &; < 1, we have |f(a)| <1+ |f(L)], for a.a.n&k. Then, |f(anxbnr) —
fL.M)| < {1+ |f(L)|}e; + |f(M)]gq, foOr a.a.n&k (using Equation (3) in (2)).

Choosing €, =

|f (M)

2|f(§)+1| and &, = 2|f(M)| |f @niebni) = f(L.M)| < {1+ [f(L)]} +

for a.a.n&k. This implies, |f (anibnrx) — f(L.M)| < g, for a. a.n&k. Hence,

2If(L)+1I

2|f(M)|

w-—stat
Ank- bnk —> LM

. w-stat w-—stat
(d) Giventhat a,, —— L and b, —— M. Then, forevery ¢ > 0, |f(a.x) — f(L)] < &,
for a.a.n&k and |f (b)) — f(M)| < &, fora.a.n&k and forall f € X',L,M € X.

f(ank) _ f(L)
fbnky  F(M)

Forall f € X', |f(“"") f(%)| -

fFM)f (an) = fFL)f (i)
fM)f (byi)

fM)f (ani) = FAfF M) + fFL)f (M) — Lf (bnie)
fM)f (bn)

_ D (an) = fFUI} + FA)YS (i) — f(M)}‘
fM)f (bnk)
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_ Ifawd) — fFD)] N |f (WIS (i) = F(M)
()] |f MDIIf (brie) |

&1 |f(L)|€2
Sl T DN Bl

Jfora.a.n&k ... .. (4)

Now, |f(M)| = [f(M) = f (bui) + f (b | < |f (i) = F(M)| + |f (b))

< & + |f(bu)], for a.a.n&k .

o f Bl > [f(M) — &, for @.a.n&k. Let &, > L2 we have, |f (bl > [F22], for

a.a.n&k. i.e., |f(bnk)| |f(M)| for a.a.n&k.

L

Equation (4) implies, |f(%)— f(5)| <2 + IWI2e g6 a.n&k...(5). Choosing

IfFan| - Ifn?z
& = glf(M)l and &, = EJLJIC;EZ))ll for a.a. n&k.
—stat
Hence, Equation (5) implies that |f (an") f (%)| < g fora.a.n&k.ie., ZL"M’—>%
nk

(e) Given that a, mL. Then, forevery € > 0, |f(a) — f(L)] < &, for a.a.n&k, for
all feX',Le X. ie, |f(an) — f(L)]| = 0.

Forall f € X’ and any scalar «,

|f (@ank) — f(al)| = laf (ank) — af (L] < alf(an) — f(L)] = 0.

} w-stat
I.e., aay, — alL.
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3. Conclusions

In this article, we study statistical convergence of double sequence from the point of view of
weak convergence. We also established the algebra of limits for addition, subtraction,
multiplication, division and absolute homogeneity of weak statistical convergence of double
sequence. Further, we demonstrate that a double sequence which is convergent in Pringsheim’s
sense is weak statistical convergence but not vice-versa and provide example to support the

assertion.
Reference

[1] Basarir M. and Sonalcan O., On some double sequence spaces, J. India Acad. Math., 21 (2)
(1999), 193-200.

[2] Bhardwaj V. K. and Bala I., “On weak statistical convergence”, International Journal of

Mathematics and Mathematical Sciences (3) (2007), 9 pages.

[3] Bromwich, T. J. la., An Introduction to the Theory of Infinite Series, Macmillan and Co.
Ltd. New York, (1965).

[4] Buck R. C., Generalized asymptotic density, Am. J. Math., 75 (1953), 335-346.

[5] Connor J., Ganichev M., and Kadets V., “A characterization of Banach spaces with
separable duals via weak statistical convergence”, Journal of Mathematical Analysis and
Applications 244(1) (2000), 251-261.

[6] Fast H., Sur la convergence statistique, Collog. Math., 2 (1951), 241-244.
[7] Fridy J. A., On statistical convergence, Analysis, 5 (1985), 301-313.

[8] Gokhan A., Gungor M. and Et M., Statistical convergence of double sequences of real-
valued functions, Internat. Math. Forum, 2 (2007), 365-374.

46



Journal Tri. Math. Soc. V25, December (2023)

[9] Gokhberg Ts. and Krein M. G.,, “Introduction to the Theory of Linear Non- self adjoint
Operators”, Transl. Math. Monogr. vol. 18, American Mathematical Society, Providence, Rl
(1969).

[10] Moricz F., Extension of spaces ¢ and c, from single to double sequences. Acta Math.
Hung., 57 (1-2) (1991), 129-136.

[11] Pehlivan S. and Karaev M. T., “Some results related with statistical convergence and
Berezin symbols”. Journal of Mathematical Analysis and Applications 299(2) (2004), 333—-340.

[12] Pringsheim, A., Zur Ttheorie der zweifach unendlichen Zahlenfolgen, Math. Ann., 53
(1900), 289-321.

[13] Schoenberg 1. J., The integrability of certain functions and related summability methods,
Amer. Math. Monthly, 66 (1959), 361-375.

[14] Tripathy B.C., Statistically convergent double sequences, Tamkang J. Math., 34 (3)
(2003), 231-237.

47



Journal Tri. Math. Soc. V25, December (2023)

Class of Difference Double Sequences of Interval Numbers

Amar Jyoti Dutta
Department of Mathematics
Pragjyotish College, Guwahati, Assam, India.
E-mail: amar_iasst@yahoo.co.in

Absract: In this paper we are have introduce the classes of double sequence 22(p)(A,,),
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be an integer). We investigate some algebraic and topological properties like solid, monotone,

symmetric, convergence free etc.
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1. Introduction

The concept of interval arithmetic was suggested by Dwyer [15] in 1951. It has been further
studied and developed by Moore [8], Moore and Yang [9] and others ([15], [16], [17] and [20]).
Chiao [13] studied on sequence of interval numbers and defined usual convergence of
sequences of interval numbers. Sengoniil and Eryilmaz [14] studied bounded and convergent
sequence spaces of interval numbers and proved completeness of the spaces. Recently Esi [1-
8], Esi and Braha [18], Esi and Esi [19], Esi and Catalbas [21] studied strongly almost-

convergence and statistically almost-convergence of interval numbers.
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A set consisting of a closed interval of real numbers x such that a < x < b is called an interval
number. A real interval can be considered as a set and we denote the set of all real valued closed
intervals by R. Any elements of R is a closed interval, denoted by i, defined by x =
{x € R:a < x < b}. Aninterval number x is a closed subset of real numbers [15]. Let x; and
Xrbe first and last points of interval number x, respectively. For x1, X2 R, we have the following
arithmetic operations

() x1=x & X1, = Xg;s X1, = Xz,
(i) i+ 2={r e Rixy, + 2, <x < x; 423 }
(iioax={xeR: ax;, <x<ax, } az0
(iv) ax = {x ERiax; <x< axll} , fora <0

X €ER:
(V) Tao= {min{on o, X1%0, X120, X100} S x <

max{x;,x,, X1,%5., X1,%X2, X1.%3 }
The set of all interval numbers R is a complete metric space with respect to the metric
defined by
d(x, X2) =max {|x;, — xz,|, | x1, — x2,[}.
In the special case of point interval i.e. X1 = [a, a] and x> = [b, b], we obtain usual metric of
R.
Consider the transformation f: N - R , by k — f(k) = x, where x = (xx), then x = (xk) is

called a sequence of interval numbers. The term x is called k™ term of sequence, ¥ = (k). We

denote the set of all sequence of interval numbers with real terms by w
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2. Preliminaries

Consider the transformation f: N x N — R by f (n, k) = (X« ), then x = (X« ) is called a
double sequence of interval numbers. The xu« is the (n, k)™ term of the sequence (Xnk).
Definition 2.1. An interval valued double sequence ( x« ) is said to be bounded if there exists

a positive number B such that d(x«,0) < Bfor all n, k €N.

We denote the set of all bounded double sequences of interval numbers by 2#., and the classes
of all double sequence of interval numbers by z\I_V.

Definition 2.2. A sequence ¥ = (X ) of interval numbers is said to be convergent to the interval
number %, if for each e> 0 there exists a positive integer ko such that d (X« , %o) < € for all k >

ko and we denote it by IirD Xnk = Xo. This imply that
n,
lim Xk = Ko < ILT Xnk, = x,, and I!m Xnk = ..
We denote the set of all convergent double sequence of interval numbers are denoted by »c.

Definition 2.3. A sequence x = (xa) of interval numbers is said to be interval valued Cauchy

sequence if for every e > 0 there exists a positive integer ko such that d (Xn, Xmp ) < € for all
n>mz2Kko, k>p ko
Definition 2.4. An interval valued double sequence space E is said to be solid if ¥ = (¥, )

eE whenever |V, | < |%,], for all n, keN and X = (%) €E.
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Definition 2.5. An interval valued sequence space E is said to be monotone if E contains the
canonical pre- image of all its step spaces.

Definition 2.6. An interval valued sequence space E is said to be convergence free if ¥ = (V)
€E whenever x = (x,,;,) €E and xn = 0 implies yn = 0.

Throughout the paper, p = (pnk) is a sequence of bounded strictly positive numbers, for all n,
keN.

Esi [1] define the following interval valued sequence space:
t(p) = {f = (%): Z[d(fkﬁ)]p" < oo}_
k=1
if px =1, forall keN, then we have
7= {f = () ) [d(%,0)] < oo}.
k=1

Kizmaz [12] defined the difference sequence space for crisp set. This concept was further
generalized by Tripathy and Esi [12] as follows.

Let m > 0 be an integer then
Z1(A,) ={(x)€ 2wW: (Apxy) € Z1}, for Z1 = £, ¢ and Co, Where A, Xk = Xk - Xk+m, for
all keN . They showed that these are Banach spaces under the norm
lxlla,,= X5l + Sl]J‘{plAmxkl. For m = 1, the sequence spaces ¥, (A), ¢(A) and

Co(A) are studied by Kizmaz [12].
In this paper we introduce the double sequence space of interval number studied with the

generalized difference operator as follows:
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Let x = (X,,;) be a double sequence of interval numbers and p = (pnk) is a sequence of bounded
positive numbers then for an integer m > 0 we define
Z(Am) = {(*nk) e 2W: (Am¥Xni) € 2}, for Z = ZE( p), 26( p) and zcio(p) , Where Ay = Xnk -

Xk+m, for all n, keN.

3. Main Results

Theorem 3.1 The classes of sequences 2£(p)(A,,), 2¢(p)(A,)and ,c,(p)(A,) are solid and

hence monotone.

Proof: Let £ =(x, ) e 2£(p)(An) and ¥ = (y,.) e 2£(p)(A,) be interval valued double

sequences such that |y, | < |X,| , forall n, keN. Then

[0e]

> (A8 0™ < o

k=1
and
D [T O < ) [d(8n 5 O™ < o
k=1 k=1

Thus 7 = (Fnk ) € 26(0) (M)
Hence 2£(p)(A,,) is a solid sequence space.

This completes the proof.

Theorem 3.2 The classes of sequences 22(p)(A,,), 2¢(p)(A,)and ,c,(p)(A,) are not

convergence free.
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Proof: Letm =2, we consider the interval sequence x = (x,, ) as follows

X=Xy =

-1
(n+k)2’ (n+k+2)2

- [(n+k)2’0] Azx—[ ] for all n, keN.

Then, for pnk = 1, for all n, keN, we have
D, [a@mu)] < ), ((n+k)2>
nk=1 nk=1

Thus % = (X, ) € 22(p) (A ).
Now let us define y = (y,, ) as follows

Vo =[-(m+k)?20],thend,y, =[-(n+k)? (n+k+2)?%), foralln,

keN.
Then

oo

Z [ <A2 ynk'_>ls Z(n+k+2)2=oo_

n,k=1 nk=1

Therefore 7 = (v, ))& 22(p)(A,).

Hence the class of sequence z?(p) (A,,) is not convergence free.

This completes the proof.

Theorem 3.3 The classes of sequence 2£(p)(A,,), 2¢(p)(A,) and ,c,(p)(A,,) are sequence

algebra.
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Proof. We prove for the sequence space 2£(p) (A,,), and for the other classes the proof follows
similarly. Consider the interval valued double sequences X =(x,, ) € (D)D), and ¥ = (Yo)
ez?(p) (Am)

Then we have

i[d(Amfnk,ﬁ)]p" < o

k=1
and

D (BT D)™ < e
k=1

Now we have
Z [d (Am (fnk® ynk): 6)]pk£ Z [d (Amfnk,ﬁ) ((Amynk,ﬁ)]pk
k=1 k=1
< D [A(anu 0™ )[BT D)™
k=1 k=1
< o0,

Thus (%nk® Fnk) € 26(0) (D).

This completes the proof.
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1. Introduction

From the 19" century real and complex numbers are used to construct many mathematical
structure.Nowadays fuzzy numbers or interval numbers have also being used to replace these
real or complex number. It was Dwyer [6] who introduced the concept of interval arithmetic in
the year 1951. Later on Moore [8] in 1959, Moore and Young [9] in 1962 have developed
interval arithmetic to a formal system. Chiao introduced sequence of interval numbers and
defined usual convergence of sequence of interval numbers. Recently Baruah and Dutta [22]
introduced new types of difference class of interval numbers where they studied the
completeness property, solidness, convergence free for the classes of sequence using difference

operator £(p) (X,), c(p) (X )and ¢ (p) (X;n).

2.Definition and Preliminaries:

The closed interval of real number y can be defined as ¢ < y < d .This closed interval can also
be called an interval number. A real interval number can also be considered as a set and we
denote the set of all real valued closed interval by IR. Any member of IR is said to be closed
interval. If ¥ be the member of IRthen y={y € IR : ¢ <y <d}.
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Let y; and y,-be first and last points of y interval number respectively. For y1, y2€IR, we have
:)71:}]_2@)}11 = YZV ylr = yzr,
Ji+y2={y € IRiy;, +y, Sy < y1, + 2.}
and if 00, then ay={y € IRiay;, <y < ay, }

and a < 0, then
ay = {y € Reay, <y < ayll},

_ {x € IR: min{y,y2, Y1,Y2,, Y1,Y2; Y1,Y2,} <Y S}

Vi1ya2=
max{)’llhl: Y1,Y2,0 Y1,Y2p 3’1r3’2r}

The set of all interval numbers IR is a complete metric space defined by

d(y1, ¥2) =max{lyy, — ¥z, V1, — ¥2,}
In the special case y1= [a, a] and ¥>= [b, b], we obtain usual metric of IR.
Let us define transformation f : N —IR by Z—f (2) =y, y= (yz) . Then y= (¥,) is called
sequence of interval numbers. The ¥ is called 2" term of sequence y = (¥7) € w'denotes the set
of all interval numbers with real terms and the algebraic properties of w'.

Now we give new definitions for interval sequences as follows:

A sequence space Ewith interval value is considered as solid if y=(y5)E whenever|y;| <
|%x],0r all ZeN and x =(i;) €E.

A sequence space E with interval values is considered to be monotone if Econtains the
canonical pre_image of all its step spaces.

A sequence space E with interval values is convergence free defined as follows if y=(¥;)
€E whenever x =(i;) €E and x; = Oimplies y; = 0.

Now we give the definition of convergence of interval numbers:
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Definition 2.1. A sequence x= () of interval numbers is said to be convergent to the interval
number x,if for each € >0 there exists a positive integer 4o such that d (x;, xo) <e for all Z>%0
and we denote it by li%n X;= Xo.Thus, li%n X5= Xo=> l%m X3,= xolandli%n X3= Xo,

Burton and Coleman [3] defined quasi Cauchy sequence following ways

If Xx;is a null sequence where Xx; = x; — x4, then a sequence x= (i) of points in IR is
referred to as quasi Cauchy sequence.

Throughout the paper, p=(p;) is a sequence of bounded non-negative real numbers. Esi [11]
define the following interval valued sequence space:

£a(p) = {x = G Y [d(@ )] < oo}
i=1

and if p. =1 forall Ze N, then we have

lo = {x = (Xp): Z[d(@,ﬁ)] < oo}

A continuous, convex, non-decreasing function B is called an Orlicz function if for x > 0 such
that 3(0) = 0 and 3(x) > 0 for x > 0 and 3(x) » o as x — oo.

A function is referred to as a modulus function if the convexity of the Orlicz function is
substituted by R(x + y) < 8(x) + B(y).

An Orlicz function [ is said to satisfy X, condition for all values u,if there exits k>0, such
that 3(2u) < Kf3(w), u = 0.

Lindenstrauss and Tzafriri [32] used the idea of Orlicz function to construct the sequence space

X
{’g={xZEW:ZfS<I’TZ|><oo:forsomep>0

i=1
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The space ¢z becomes a Banach space, with the norm
, N |3
lx|| = Jinf p > O:ZB — <1
i=1 p

which is called an Orlicz sequence space

A complex sequence whose A" term is x; denoted by (x;) or simply x. Let Z1 be the set of all
finite sequence. Let?,, c and co be the sequence space of bounded, convergent and null
sequences of x = (x;)respectively. In respect of ¢, c and co we have ||x|| = sup|x;|, where
A

1

x = (xy) € £, C c C cy.Asequence x = (xy) is called analytic sequence if sup|xy|x < . The
A
vector space of all analytic sequences will be denoted by Z> Asequence x = (x;) is called gai
1
sequence if (! |xx|)* = 0, as A —» «.The vector space of all gai sequences will be denoted by
Z3
Definition 2.2: An interval number based sequence x= (x;) is referred to as gai sequence if
1
(X! oz DT = 0,as A —> 0.
1
A sequence x = (xy) is called analytic sequence of interval number if sup|xy|x < .
A

Kizmaz [5] defined the difference sequence space for crisp set. This concept further
generalized by Tripathy and Esi [19 ] as follows:

Let m> 0 be an integer then Z1(X,,,) ={(x1) € w: (X,,x3) € Z,}, for Z1=¢,, ¢ and co. Where
X Xx = Xz - X3+m, for all Ae N and they showed that these are Banach spaces under the norm

lxllx,, = XFeqlx| + S;plxmxxl. For m =1, the spaces? ., (X), ¢(X) and co(X) are studied by
Kizmaz [5].
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In this paper using the difference operator X,, and Orlicz functions we introduce the
following sequence space

Y(X,) :{(xx) EW:R <d (7& (Ixmxxl)%, 0)) - 0,asi— 00}
3. Results:

Theorem 3.1: The spaces"Y(X,,,)is complete metric space with the following metric

fé<d((K(Ixmxxl,lxmyzl))%»]

Proof: Let(x") be a Cauchy sequence in *Y(X,,) such that

p(x,y) =d(x1,y1) + betp

(x}) = (x) = (xb, xb, x5, ... ) €Y (X,,), for each i € N. Then for a given & >0, there
existsny, € N

1
p(xt,x0) = d(xl, x)) + sup |R[ d <(7i ([Xmaz]. |me7{|))x> <E£
A

' foralli,j = n,
Then d(xl,x]) < e foralli,j >ny, ....(L1)

& ld <(x (], |me{|)>%>l <eforallij=n, ....(12)
S d <(x (] [ |))%) <& foralli,j > no
S xd <(|xmx;;|, 1%,x) |)%> <& foralli,j = ny
=d <(|xmx;;|, |me7{|)% < g foralli,j =n,

1
> (d(|me7€|, |me{|))x < g foralli,j > n,

= d(|me§|, |me7{|) < g foralli,j =n,

= d(xmx}(, me{) < g foralli,j =n,
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Now (x!) and (X,,x}) for all 2 € N are Cauchy sequence in IR. Since IR is complete, so
(x1) and (X,,xz) for all 2 € N are convergent inlR-

Let limaxi = .o (1.3
11— 3
and lim Xxi = zforallxzeNn (1.4)
1—>00

From (1.3) and (1.4) we have

limxt = x;forall XN
>0
Now fix { =mngandletj — coin(1.1) and (1.2)

We have
1
d(xi,x) <eand d <(7&(|me§|, |mex|))7‘> <gforalli>n, ...(15)
which gives
p(xi,x) < eforalli>n,
iex! > x, as i -» o

Now we shall show that x € Y (X,,).

From (1.5) foralli > n,

d ((x (5], Ixmxxl))%> <,

Again foralli € N, .
xt=(x}) € Y&Xp)

1
S d ((|xmx;|,6)i) <
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Now for all i = 1o We have

1 o1 o1
S d ((|xmxx|, 6)7‘) <d <(|mex|, |xmx;|)x) N <(|me;|,0)7‘> <o

Hence x € VY (X,,). This proves the completeness of “Y (X,,).

Theorem 3.2: The spaces "Y(X,,) is closed under the operation of addition and scalar
multiplication

Proof :

(i) Let x; € 'Y(X,,) and c € IR
Then

8 [a (Grelx,mDi0)|
1 1 _
< max(1,cHR [d ((Xlxmle)f, 0)]

1 _
=max(1,c%).0
=0

Let X0 Vi € 'Y (X,,) then
(i 8 [ (Gt (1Bl @ 18,0350
R [d ((x X )T, 6)] 4R [d ((x X 32D, 6)”
0

<K

Hence x; @ yx € "Y(X,,,)
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Theorem 3.3: The spaces "Y(X,,,) is Solid.

Proof: Let x = (x;) € "Y(X,,) and y = (y3) € "Y(X,,) be fuzzy sequence such that |yy| <
|xx| for allzeN. Then

1 _
3 [d ((Xlxmxxl)f, 0)] - 0,as A > ©
and

R [d ((lemyxl)%, 6)] <R [d ((mxmxﬂ)%, 6)] 50,25k — 0

Thusy = (y3) € "Y(X,,) is solid. This completes the proof.
Theorem 3.4: The spaces "Y(X,,,) is hot Symmetric.
Proof : Example 1. Let m = 2 and

Consider the sequence

Then x; € "Y(X,).

Now if yy be the rearrangement of x; defined by

vi=(1,73,25, 4,6,....)
Then yx & "Y(Xp).

Therefore, the spaces “Y(X,,,)is not Symmetric.
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Theorem 3.5: The spaces Y (X,,) is not convergence free

Proof: Example 2. For each 2 € N and m=1 let us consider the sequences

1 1
6 =[5 3land

_[ 1 1 ]
T TXF T A+

o [ 11 11 ]
x‘_[_x A+1 A A+1
g 5 = 0
Thus x; € “Y(X,,).
But
vi = [-AA]and yz4 = [-(A+ 1), A+ 1)]

Then
Xy; = [—(QA+ 1), (21 + 1)]

Therefore yyx ¢ “Y(X,,)

Hence the sequence space”Y (X,,,)is not convergence frees.
Which complete the result.

4. Conclusions: We have examined some features of Difference Gai Sequences of Interval
numbers with the Orlicz function in this article. Using the Orlicz function, we examine the
Completeness, Solidness, Symmetricity and Convergence free of Difference Gai Sequences of
Interval numbers. This concept will benefit the workers.
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1.Introduction

Freedman et al. [6] did the first research on lacunary sequences. They investigated strongly
Cesaro summable and strongly lacunary convergent sequences, taking consideration of a
general lacunary sequence @, and they identified connections among the two types of classes
of sequences. Researchers Ercan et al. [5], Gumus [7], Tripathy and Et [12], Dowari and
Triptahy [3,4] have all investigated further lacunary sequences. Recently, generalized
difference lacunary weak convergence of sequences was investigated by Tamuli and Tripathy
[14,15].

The idea of weak convergence, first proposed by Banach [1], is interesting but has several
limitations. Numerous conclusions related to these ideas are generally only valid for separable
space. Many others, like Mahanta [11] and Tripathy, have studied vector-valued sequence
spaces in recent years.
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2. Definition and Preliminaries

Let & = (k) a sequence of positive integers, then it is called lacunary if k, = 0,0 < kg <
kei1and hy = kg — ks_; = 0 as s — oo, The intervals determined by 8 will be denoted by
I, = (kg_q1,kg) and g5 = kg/ks_1,Vs € N.

According to Freedman et al., the space of lacunary strongly convergent sequence Ny was
defined as follows. [6]

1
Ng =< x: lim — E |x; —L| = 0, for some, L
s= b i€l

Difference sequence was introduced by Kizmaz [8]. After that, as explained in [13], the
generalized difference sequence spaces were discussed by Esi, Tripathy, and Sarma in the
following ways:

Let p, g = 0 be fixed integers,
Z(Ah) = {x = (x) € w: Ahx = (APxy) € Z}

for Z = £, c and co; where ADx;, = AP 'x, — APy, and A%x, = xy, Yk € N. The
binomial representation of this generalized difference operator is shown below:

p
APx, = Z (—=1)? (Z) Xirqu for all k € N (D

v=0

The spaces £, (A), c(A), and ¢y (A), introduced and investigated by Kizmaz [8], are represented
by these spaces for p =1 and g = 1. The spaces ¢, (AP), c(AP) and c,(AP), which were
introduced and examined by Et and Colak [2], are represented by these spaces for g = 1. The
spaces £, (A,), c(A,) and ¢, (A, ), which were introduced and examined by Tripathy and Esi
[13], are represented by these spaces for p = 1.
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The space of sequences Z(A}) for Z = £, ¢ and ¢, are Banach spaces, for the given norm

pq

lxll,= Z ;| + sx;p|A2xk|, forp>1,qg=>1
i-1

A function H': [0,0) — [0, o) with H'(0) = 0, H (x) > 0 for x > 0, and H (x) — oo, as
x — oo is called an Orlicz function. It is continuous, non-decreasing, and convex.

The concept of the Orlicz function was applied by Lindenstrauss and Tzafriri [9] to create the
given sequence space.

x.
g = {(xl-) € a):z H <|,Tl|> < oo, for some p > 0}
i=1

where the class of every sequence is denoted by w.
For the given norm the sequence space €4

: |2x; |
I x I=inf{p > O: H{—|<1
i=1 P

becomes a Banach space, also known as an Orlicz sequence space. Tripathy and Esi [13],
Parashar and Choudhury [10], Tripathy and Mahanta [11], and many researchers have
investigated different types of Orlicz sequence spaces.

Definition 2.1. A sequence (x;) is said to be weakly convergent in a norm linear space X, if
there is an element L € X such that

limf(x; —L) =0, forall f € X’
i—oco

Here, X' denotes the continuous dual space of X.
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Definition 2.2. A sequence (x;) in a norm linear space X is lacunary weakly convergent to
LeXif

forall f € X', where X" is the continuous dual of X.
In this paper, the term Dy’ refers to the lacunary weak convergent.

Definition 2.3. If (a;x;) € E whenever (x;) € E, for all sequences of scalar (a;) with |a;| <
1,Vi € N, then the sequence space E is said to be solid

Definition 2. 4. The sequence space E < w is called as monotone if it contains all of the pre-
images of its step spaces.

Definition 2.5. The sequence space E C w is known as symmetric if it satisfies the condition
(x;) € E implies (xn(i)) belongs to E, where i is a permutation of N.

Definition 2.6. The A, — condition is satisfied by an Orlicz function 7 if there is a constant
T > 0 such that, for each z, H (2z) < TH (z), for z > 0.

3. Main Result

In this section we introduce the following classes of sequences and establish result invloving
them.

[Dy, H, Al =<x = (xk):sli_)m Z <|f( k)|> = 0, for some g > 0

$ kel

Ax; — L
[DY,H,Al; ={x = (x;): lim h—z <|f( k )|> =0, forsomeLand g >0

s>
k€l

[Dy, H, Al = x = (x3): hm —Z <|f( xk)l) < oo, forsome g > 0

kel
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We state, without proof, the following result.

Theorem 3. 1. The classes of sequences [Dy’, H, Ao, [Dy, H,Al, and [Dy, H, Al are linear
spaces.

Theorem 3.2. For any Orlicz function H, [Dy’, H, A] is a normed linear space for the given
norm

() =30 If ()| + inf{g > 0: sup; hiZREIS}[(V(i%)I) <1,s=1,23, },

where the infimum is taken over all g > 0.

Proof: Clearly, {,(x) = &éA(—x), x = 6 implies Ax;, = 0 and as such we have ' (8) = 0.
Therefore £, (8) = 0. Conversely support that {,(x) = 0, then

p

1 Ax
Z |f(x;)| + inf g>0:suph—z ﬂ<M>§1,s=1,2,3,... =0
i=1 s s

kel g

:;Z |f(x;)| = 0 and inf< g > O: suph—z

s
i=1 s kel

(If(Axk)I

> 1,s=123,..; =0
g

From the first part we have
x; =0, fori =123,..,m

where, 6 is the zero element. In accordance with this second section, there exists some
g:(0 < g, < ¢) foragiven € > 0. such that

sup ;- Z (If(Axk)I>
ﬁz j{<|f(g:ck)l> <1

kel
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Thus,

|f (Axy)| |f (Axi)
2 ()= g () =

kel kel

— oo. It follows that

Jr(axe,)|
&

Suppose Ax,, # 6, for each i. Taking € — 0, we have
Z (If (Axk)l>
hy
kelg

as € - 0, for ¢; € I. Hence, we arrive at a contradiction. Therefore, Ax., = 0, foreachi €
N.Thus Ax;, = 0,Vk € N.

Therefore, it follows from (1) and (2) that x,, = 8, Vk € N. Hence x = 8. Next let g;, g, > 0

such that
|f (Ax;)|
sup - 3" ¢ ( N )

$ kel
and
sup - Z (If(Axk)|>
hs S kel 92

Let g = g, + g, then we have

j_[<| f(AGg + yi) |) <1
)
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Let ¢ # 0, then

p
1 Alpx
Ealpx) = z lox;| +inf{g > O:suph—z ﬂ(W) <1s=123,..
= s HRs

i=1 kelg

< lolEaf ()

This completes the theorem's proof.

Theorem 3.3. Let H; and H, be Orlicz functions satisfying A, — condition. Then
(I) [Dg/'}[I'A]g c [Dzvl}[Z}[ll A]g
(i) [Dy', H1, Alg N [Dg', H,, Alg € [Dy, Hy + Hs, Alg, Where G = 0, and oo.

Proof We prove it in the case of G = 0, we will apply same methods to the remaining cases.
(i) Let (xx) € [Dy, H;, Alo. Then there exists g > 0 such that

1 Ax
lim —Z H, <M> =0
: S kels 9

Let0<e<land 0 < < 1suchthatH,(t) <e for0<t<S§.
Let y, = H; (V(A%‘)') and consider

D ) =) G0+ ) 00

kel 1

where the summations are over y;, > & in the second summation and over y, < ¢ in the first.
Since,

1 1
h_sZ Hy(yp) < 7'[2(2)h_521: k)
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for y,, > &, we have

Yk
<1l4+=—
Yk 5

Given that 7, is convex and non-decreasing, it follows thatSince, #, is nondecreasing and
convex, it follows that

1 1 2y
Hy () < 57{2(2) + 57{2 (T)

Since, H, satisfies §, — conditions, we have

H,(yi) = K}%g’[z@)

Hence,
1 B 1
_Z H, (i) < max(1,K6 7'[2(2))_2 Vi
hg - hg -

Taking limit as s — oo, from (3) and (4) we have
(xx) € [Dy, Hp. Hy, Ao

Similar proof can be shown for the other cases.
(i) The proof is obvious and omitted.

Result 3.1. The space [Dy’, , A, where, in general, G = 0,1, o are not solid.
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To show that the spaces [Dy’, 7, Al4, [Dy ,H, Al are not solid, in general, we illustrate the
folowing examples.

Example 1. Considering the function f(x) = x,Vx € R, and for X = R. Let us consider the
sequence (xy), defined by x,, = 1/k,Vk € N. Let H(x) = x",r = 1 and the lacunary
sequence 8 = (25). Then (xx) € [DY,H,Al; and (xi) € [DY, 3, Alw. Let (v,) = ((—=1)5),
then (yrx,) € [Dy, H,A]l, and (yrxy) € [Dy, H, Al .

We consider the following example to show that [Dy’, H, A], is not solid in general.

Example 2. Taking X = R and the function f(x) = x, Vx € R. Let us now consider the
sequence (xy ), which is defined as x;, = 1, Vk € N. Assume that H (x) = x”,r = 2, and that
the lacunary sequence is 8 = (25). Let (y,) = ((—=1)%),Vk € N. Then, (y,xi) ¢

[Dy, H, Al,.

Thus, the set [Dy, H, A], is not solid.

Result 3.2. The spaces [Dy’, H, A]g, where G = 0,1, oo are not symmetric in general.
The following example is given to support the previous result.

Example 3. Let X = R and the function f(x) = x, Vx € R be considered. Let H (x) = x, and
a lacunary sequence 8 = (2°). Considering the sequence (x;), we can define it as x;, =
k,vk € N isin [Dy,H, A],. After rearranging the sequence (x;) as follows, (y;) will be
considered as

Yk = (xl,X4,, Xs5,Xg, X9, )

Then (yy) € [Dy, H, Alg, where G = 0,1, o are not symmetric in general. Hence the spaces
[Dy', H,Alg, where G = 0,1, o are not symmetric in general.
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Proposition 3.1. Let a lacunary sequence 6 = (k) with lim inf, u; > 1, then for any Orlicz
function 7, [Q, H,A ] o € [Dy, H, A],, Where

=1x=  lim 1y™ F@ax)ly _
[Q,7,A], = {x = (): lim ~37, }(( ; ) = 0, for some g > 0}.

Proposition 3.2. Let a lacunary sequence 6 = (k) with lim supsu, < oo, then for any Orlicz
function H, [Dy, H, Al S [Q, I, A,.

Proposition 3.3. Let a lacunary sequence 6 = (k) with 1 < lim infgu, < lim supgu, < oo,
then for any Orlicz function H, [Dy, I, Aly = [Q, H, A],.
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1. Introduction

The idea of non-Newtonian numbers was presented by Grossman and Katz [1] in 1972 as an
alternative to classical calculus, often known as Newtonian calculus. Cakmak and Basar [2]
followed next, defining the field R™) of non-Newtonian real numbers and introducing the
notions of norm, non-Newtonian metric, and several well-known inequalities following them.
Cakmak and Basar [3] classified all classes of non-Newtonian numbers that are all sequences,
absolutely p- summable, bounded, convergent, and null. o™ £¥, #X ¢V, and ¢}, and are the
symbols that represent these classes, respectively. It was demonstrated by Gungor [4] that the
sequence of spaces £J, and 1 have non-Newtonian strictly convexity and non-Newtonian
uniform convexity, also defined some geometric properties of the non-Newtonian sequence
spaces £, (N).
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A bijective function a with a domain of R and a range that is a subset of R is called a generator.
Consider the following: R™) = {a(x):x € R}. R represents the a - positive real numbers,
which are the numbers x in R®™) for which 0 < x, and a-negative real numbers, denoted by
R®)~ are the numbers x for which 0 > x. We denote a(n) = n for each n € Z. The arithmetic
with the operations described as follows and whose domain is R®) is called a-arithmetic.

Considering x, y € R and for any generator «,

a-addition x+y =a {a™1(x) + a ()}
a-subtraction x=y=af{at(x) — a”1(x)}
a-multiplication XXy =a{a"1(x) X a 1(y)}

a-division x/y =a{a *(x)/ a ')}, a'(y) # 0
a-order x<yeal(x)<al(y)

The set R™), with the above operations, forms a complete order field.

The preliminary work on lacunary sequences was done by Freedman et al. [5]. With
consideration for a general lacunary sequence 0, they examined strongly lacunary convergent
sequences and strongly Cesaro summable sequences, and discovered correlations between the
classes of the two types of sequences. In addition, Ercan et al. [6], Gumus [7] explored lacunary
sequences. Colak et al. [8], Tripathy and Et [9], Dowari and Tripathy [10]. Karakaya [11]
developed some conclusions about the space ¢, g and addressed some inclusion link between
ces(p) and £, 9.

Let X be a Banach space over the non-Newtonian field R®™, and || - ||y: X = R™+* U {0} be
a function satisfying the non-Newtonian norm axioms: For all x,y € X, and n € R™),

D lxlly=0=x=0

(2) [In % x|ly =1 X |[x]ln

@) llx+ylly < llxllyHIln-

Then (X, ||x||5) is said to be a non-Newtonian norm space.

80



Journal Tri. Math. Soc. V25, December (2023)

Let X be a Banach space over the non-Newtonian field R®™), and <, >y: X x X - RM)
be a function satisfying the non-Newtonian inner product axioms:

Forall x,y € X,andn € R™),

(1) <x,y>y=0,

Q) <x,y>y=0iffx =y,

B) <nXx,y >y=nXxX<xy >y,

@) <xtz,y >y<<x,y >y +< z,y >\.

Then (X, <,>y) is said to be a non-Newtonian norm space.

2. Definition and Preliminaries:
A sequence of positive integers 8 = (k,) is said to be b a lacunary sequence if k, = 0,0 <

ker
Kr-1

k. < kgiryand hy = k(1) — ky > o0, a5 7 — c0. We denote I, = (k,_q, k;) and q, =

Definition 2.1. Let X be a Banach space over R", and T be a linear bounded operator. Then
the orbit at x is defined by [x] = {x, T(x), T?(x), ...., T"(x), ... }and V = {[x]: x € X} be the
set of all orbits of the sequence space X.

Definition 2.2. An orbit {x,} is called Lyapunov stable if for each £ > 0, there exists a
5 > 0, for any initial point x such that ||[x=y]||y < & implies
IT™(x)=T™(y)|ly < &, foralln = 0.

Definition 2.3. An orbit {x,} is called lacunary-Lyapunov stable if for each £ > 0, there
exists a § > 0, for any initial point y in X such that ||x=y||y < & implies

IT"CO=T W)l <
ie., hiZkEIr |IT"x, — Ty |y < &, foralln = 0.

Definition 2.4. An orbit {x; } is called asymptotic stable if it is Lyapunov stable and if
IT™(x)=T"(x)ly = 0,asn - .
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Definition 2.5. An orbit {x;} is called lacunary-asymptotic stable if it is Lyapunov stable and
if

||Tn(x);Tn(x0)”N,9 - 0,asn -

1 A
L. e;h_z ITnxk;TnykIN - 01 asn — oo,

" kel,

Definition 2.6. An orbit {x,} is called exponential stable if there exists contents ¢ > 0 and
0 < A< 1suchthat [|[T™(x) — T™(xo) |y < CA™||x — x,|ly, forall n € N.

Definition 2.7. An orbit {x; } is called lacunary-exponential stable if there exist constants
C > 0and 04 < 1 such that

||Tn(x);Tn(x0)”1v,9 < C)l”||x;x0||N,9, forallm =0

1 1
ie., —Z |T™x;, ~T™y |y < C/l”—z: |xx—Vi |y, foralln = 0.
hy hy.

kEIr kEIr

3. Main Results based on orbits of sequences under bounded linear operator

Theorem 3.1. Let X be a Banach space over RN and V = {[x]: x € X} be the set of all orbits
of the sequence space X. Then the set V is normed linear space with respect to the norm
defined by

x1llv = ilig”Tk(x)”N ————————— (1)
Theorem 3.2. Let X be a Banach space over RV, T be a linear bounded operator and V =
{[x]: x € X} be the set of all orbits of the sequence space X. The following statements are
held: then for each x € X
(i) The orbit [x] is neither open nor closed in general,
(i) The orbit [x] is connected,
(iii) The orbit [x] is not compact.
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Proof: (i) First, we prove that [x] is not open, we consider x = (1,0,0,0, ..., 0, ...), and
T”(i, 0,0,0,..,0, ) = (O, 0,..0,1,0,0, ... ), ( first n terms are zero )

such that ||T™(x)||y = 1, forall n € N.
Then, for ¢ = % and T*(x) be any element in orbit [x], then there is an open set U, contains

infinitely many elements [for separable sequence space ] except T*(x) and none of them
belongs to the orbits [x]. Hence, U, is not subset of [x]. Therefore, the orbit [x] is not open.

To prove [x] is not closed, we consider X = (lp)N and T be a right-shift operator on X
defined by
T™(x1, X2, e ey Xy o) = (0, 0.0, %1, X5, oo, X, .. ) ( first n terms are zero) for all n > 0.

Consider x = (1,0,0,0, ...,0,...), Then
T"(1,0,0,0,...,0,..) = (0,0,0,...,0,1,0,0, ...), ( first n terms are zero )
Now,
T”(i, 0,0,0,...,0, ) = (O, 0,0,0,...,0, ..),a8 N = ©

Hence, the orbit [x] does not contains (0,0, 0,0, ..., 0, ...) i.e., non-Newtonian zero element.
Therefore, the orbit [x] is not closed.

(i) Suppose the orbit [x] is not connected, then there are two non-empty open sets U and V
such that

[x] =UUV,withUNnV = ¢
JuvV=¢
Uuv=¢.
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There exists a natural number k, € N such that
T*o(x) € U but T**(x) € V, foralli € N

Therefore, U contains only finite number of elements, so it is not open set. This contradicts
our assumption. Hence [x] is connected.

(iii) The orbit [x] is not closed, this follows from the proof of (i). Therefore [x] is not
compact.

Theorem 3.3. Let X be a Banach space over R", T be a bounded linear operator with

IT||ly <1andV = {[x]: x € X} be the space of orbits of the sequence space X. Then for any
initial point y € X, the following statements are equivalent:

(i) The orbit is lacunary Lyapunov stable at any point x

(ii) The orbit is lacunary asymptotic stable at any point x

(iii) The orbit is lacunary exponentially stable at any point x.

Proof: (ii) = (i) is obvious. We prove that (i) = (ii).

First, we assume [x] is lacunary Lyapunov-stable i.e., for each & > 0, there existsa & > 0,
and an initial point y in X such that

lx=yllne <6 = IIT"()=T"WMllne < €

Now, for all n > 0, we have

o1 _
IT" =T Wlng £ 2= > 1T 0T iy

" kel,
: o1 .
< [Ty X h_erEIr Xk~ Vi|n

< AITIN X llx=Yllne

<|ITIy %6
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As ||IT|ly < 1, then ||T||} - 0,asn - o
ie, IT"()=T"()llne = 0,asn — o

Therefore, (i) < (ii).
(iit) = (i) is obvious. Now, we prove (ii) = (iii):

We assume [x] is lacunary asymptotic-stable. Then for each € > 0, there exists a constant
C =1and 0 << 1, take ||T||y = A and an initial point y in X such that
for § = =, we obtain

. , o1 _
=Yl < 8 = IT" =T "Wlls £ 7= D IT"0=T"yely
T

kel
ST My % 5 ety PVl
< CXITIR X = lino
e, IT"(O)-T"Mllye < C X A" X ||x=y]|y g, forall n = 0.

Therefore, [x] is lacunary exponential-stable. Therefore, (ii) < (iii).
Hence, (i) < (iii).

Corollary 3.4. Let X be a Banach space over RY, T be a bounded linear operator with

IT||y < 1andV = {[x]:x € X} be the space of orbits of the sequence space X. Then for any
initial point y € X, the following statements are equivalent:

(i) The orbit is Lyapunov stable at any point x

(ii) The orbit is asymptotic stable at any point x

(iii) The orbit is exponentially stable at any point x.
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Corollary 3.5. Let X be a Banach space over RY, T be a bounded linear operator with

IT||y = 1and V = {[x]: x € X} be the space of orbits of the sequence space X. Then for any
initial point y € X, then the following statements are held:

(1) The orbit is Lyapunov stable at any point x

(ii) The orbit is not asymptotic stable at any point x

(i) The orbit is not exponentially stable at any point x.

Proof: (i) Let [x] be an orbit. Then for each & > 0, there exists a § = (¢) > 0 and an initial

point y in X such that ||x — y||y < & implies

n . n - 1 n . n
IT" =T Wlle €7 ) IT"0=T il

T

kel,
. o1 )
< 1Ty X h_TZkEIr |k =Viln
< lx=yline
<g foralln=>0

(i) Let X = (I,)N be a normed space with sup-norm and T be a right shift operator on (I,,)"
i.e.,

T™(%q, Xz ey Xy ) = (0, o ,0,%1, X5, v, X, ... ) (first n terms are zero), for all n € N.
Consider (1,0,0,0, ...,0,..) and y = (0,—1,0,0, ..., 0, ...) with
Ixlly = 1,and [lylly =1

Now,

lx=ylly =1

= Sl}iplxklN =1
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Therefore || T (x)~T"(y)|ly + 0,as n — oo.
(iii) This follows immediately from the above part (ii).

Corollary 3.6. Let X be a Banach space over RY, T be a bounded linear operator with

IT|| > 1and V = {[x]: x € X} be the space of orbits of the sequence space X. Then for any
initial point y € X, then the following statements are held:

(1) The orbit is not Lyapunov stable at any point x,

(ii) The orbit is not asymptotic stable at any point x,

(i) The orbit is not exponentially stable at any point x.

Proof: (i) Let [x] be an orbit. Then for each & > 0, there exists a § > 0 and an initial point y
in X such that

. . o1 ,
=Yl < 8 = IT" =T "Wlls €= D IT"0=T"yely
T

kel,
STl % o Sty 10e=Yilw
< TR X lx=Ylln,6-
As ||T|| > 1, then ||T||% - o0, asn — oo
ie, [IT"()=T"(yn)lly = ©,asn - o

Therefore, [x] is not Lyapunov-stable. Since [x] is not lyapunov-stable, then it can't be
asymptotic and exponential-stable.

Theorem 3.7. Let X be a Banach space over RN and V = {[x]: x € X} be the space of orbits
of the sequence space X. Then

(i) There is a bijective linear function F: X — V i.e., there is a one-one correspondence from
XtoV,

(i) () = x & [x] = [x]

(iii) (x;) is Cauchy sequence in X < [x;] is Cauchy sequence in V.
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Proof: (i) We define F: X = V by F(x) = [x].

Then it is cleared that F is bijective because for each x € X, there exists al unique orbit [x] in
V.

Now, let x,y € X and &« € R". Then

Flax+y) =[ax+yl ={ax+y,T(ax +y),T*(ax +y), ...}
=af{x, Tx,T*(x), ...} + 0, Ty, T*(y), ...}
= alx] + [y]
=aF(x) + F(y)

Therefore, F is linear bijective function.

(i) Let (xx) = x in X. Then for each £ > 0, there exists a N € N such that

€
[, —x]|| < — foralln > N
T||
N

where ||T||% = ||T||%, for all k > 0.
We have,

e ]=[x]lly = NG, TGen), T2 (), v ) = C6, T (), T2 (%), e DIy
= 1Cen=x, T () =T (x), T? () =T? (%), ... Iy

= iugllT"(x)*T(X)llN
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Now,
IT (e ) =Tl < IT* NIl Ger =) lly

< TN Coe=2) Iy

&

< T||%
e TN

&

< T p =&
AL

i.€., SUPkso IT* () =T (x)|ly < € implies ||[x,]=[x]lly < &, foralln > N.
Conversely, we assume for each € > 0, there exists a N € N such that
I[x,]=[x]lly <& foralln = N

= sup|IT*(x,~x)lly < €
k=0

= |IT*(x,~x)||ly < & forall k >0
In particular k = 0, T° = I, identity map, so we have
= [|(ex=0)lly < e

Hence, (x;) = x in X.
(iii) This can be proved from the following proof of (i).

Theorem 3.8. The orbit space V is a Banach space with respect to the norm defined by
Eq(1).
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Proof: Let [x,] is Cauchy sequence in V. Then, for each £ > 0, there exists a natural number
N such that

I[xp]=[xmllly <& forallm, m=>=N.——— — — — — — — (2)

= sup||T*(x,~x,,)|ly < & foralln,m > N
k=0

= ||IT*(x,~x) ||y <€, forallm,m > N and for all k > 0.

In particular k = 0, T° = I, Identity map, so we have
= ||(xp,=x )|y < & foralln,m =N
Since (x,,) be a Cauchy sequence in X, so it is convergent to some element x in X.
Then by Theorem 3.7. (ii), we have
[xm] = [x]
Now, from Eq(2), we have
I[x,]=[x]lly < &, foralln,m = N

Therefore, every Cauchy sequence [x,,] converges in V. Consequently, V is a Banach space.

Theorem 3.9. Let X be a Banach space over RN and V = {[x]: x € X} be the space of orbits of
the sequence space X. Let Y be a subset of X and W be the corresponding subset of V. Then

(i) If Y is a closed subspace of X, then W is a closed subspace of V,

(ii) If Y is a T-invariant subspace of X, then W is a T-invariant subspace of V/,

(i) If Y; c Y, c X, then the corresponding subspaces W;, and W, such that W, c W, c V
(iv) If Y is a dense subspace of the separable space X, then W is a dense subspace of V, and V
is also a separable space.
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Proof: (i) Suppose Y is a closed subspace of X. First, show that W is a subspace of V. For
this, consider x,y € Y and a, 8 in R such that

ax+ By €Y = [ax+fy] €W
. Further, x,y € Y, we have [x], [y] € W. Now,
alx] + Blyl = afx, T(x),T?(x), ..} + By, T, T* ), .}
= {ax, T(ax),T?*(ax), ...} + {By, T(BY), T*(BY), .... }
= {ax + By, T(ax + By), T*(ax + By), ...} = [ax + By]

Therefore, [x], [y] € W implies a[x] + B[y] € W.

Now, for closedness, suppose [z] € W, we show [z] € W. Since [z] € W, then z € Y, by our
assumption, Y = Y implies z € Y, we have [z] € W.

The proof of the statements (ii), (iii) and (iv) are easy.
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Abstract: In this article, we study the properties of ideal convergence of a sequence of bi-
complex numbers. We shall discuss some of the basics of bi-complex numbers. We have
introduced and explored the classes of sequences of I-convergent, I-null, I-Cauchy, I-bounded,
IL,-summable sequences of bi-complex numbers and studied their properties. Throughout the
article, we use the notation C,(or BC) as the set of bi-complex numbers with respect to the
imaginary units i;and i, and w(BC)as the class of all sequences of bi-complex numbers.

1 Introduction

The notion of the usual convergence of real sequences was extended to statistical convergence
by Fast [8] and Schoenberg [15] independently. Substantial advancements ensued after the
pioneering work of Salat [13], Salat et al. [14], Tripathy and Hazarika [18], Bera and Tripathy
(I21, [31. [4]), and many others. In our study, certain classes of I-convergent sequences of bi-
complex numbers have been studied with a functional analytic viewpoint where some
properties of ideal convergent sequence spaces of bi-complex numbers are analyzed.
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Let X be a non-empty set. A non-empty collection 1 of subsets of X is called an ideal, if it
satisfies the hereditary Property: If A € I and B C A4, then B € [, and the additive Property: If
A,Bel, thenAUB €.

A non-trivial ideal I in a set X is an ideal that satisfies: I # 2%. A non-empty ideal I on a set
X'is said to be admissible, if it contains every singleton subset of X. A non-empty collection F
of subsets of X is a filter, if it is closed under finite intersections and supersets, and does not
include the empty set. For every ideal I, F(I) = {K € N: N\ K € I} is the corresponding
filter of 1.

Example 1.1. The following are some examples of ideals:

1. The class I of all finite subsets of 2N is a non-trivial admissible ideal of N.

2.Letls = {4 € 2N : §(4) = 0}. Then I is a non-trivial admissible ideal of N, where &
is the statistical density of sequences.

3. Similarly, let 1; = {4 € 2V : d(A) = 0}. Then I, is an ideal of N, where d is the
logarithmic density of sequences.

Ideals and filters are interconnected due to their complementary nature. Specifically, given a
filter, an ideal can often be constructed, and vice versa. One may refer to [9] for the details on
ideals.

2 Definitions and preliminaries:

Bi-complex numbers have been studied for quite a long time, and a lot of work has been done
on them. The work probably began with the work of the Italian school of Segre [16],
Spampinato [17], and dragoni [7]. Following this, Price [11], Alpay et al. [1], Degirmen and
Sagir [6], Kumar and Tripathy [10], and many others contributed to the study of bi-complex
numbers.

Segre defined the bi-complex number ¢ in the following manner:
§= Zq + iZZZ
= (x1 + i1x3) + (%3 + i1x4)
= xl + ile + i2x3 + i1i2x4,
where z;,z, € C; and the two imaginary units i; and i, are such that i? = i2 = —1; iyi, =

iyi;.
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The set of bi-complex numbers is denoted by C,(or BC)and defined as
Cy, ={z1 +i25:21,2, € C1 (i)},
where C; (i1) = {x; + i1x2: %1, x5 € Cy }, Cy is the set of real numbers.

1 +iqi 1-igi, 1 +ii 1—iqi
In BC, they are 0, 1, 21”2 d ;”2. 21”2 ,and % are denoted by e, and e, and they

satisfy: e; +e,= 1, e;e, = 0. Furthermore, every bi-complex number § = z; + iz, €
BC, can be expressed as { = pie; + pzey,

where u; = z; — iz, and u, = z; + i;z, and BC can be represented as
BC = X161 + XZeZ'

Where Xl = {Zl - ilzz: leZZ € «:1} and X2 = {Zl + i122= Zl,Zz € (Cl}
The Euclidean norm ||-1l on C, is defined as

16 1= VTP T Tl = [ +x} +33 +xh

Leté,n € BC, thenll&-nll< V21U EN-ln .
One may refer to ([1], [11]) for the details on BC.

We denote the set of all sequences of bi-complex numbers as w(BC). The algebraic operations
addition @, scalar multiplication ® and multiplication ® defined on w(BC) as follows,
respectively:

@ : w(BC) x w(BC) » w(BC),($,n) = {®n = (§x + M),

©®: Cyx w(BC) - w(BC),(a,&§) » a®¢& = (a&y),

® : w(BC) X w(BC) » w(BC),(&,n) —» EQ®n= (&),
where & = (&), n = (1) € w(BC)and a € C,.

Definition 2.1. [5] A sequence (&) € w(BC) is called I-convergentto { € BC, if for every
€ > 0, such that

{k eEN:II& — =€} e,
and itiswrittenas I — lim &, = .
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Definition 2.2. [5] A sequence (&) € w(BC) is called I-null, if { = 0 and it is written as
I-lim¢&, = 0.
Definition 2.3. [5] A sequence (¢,) € w(BC) is called I -Cauchy, if for every ¢ > 0, there
exists a number m (depending on &), such that

{k eEN:1& — &l = €} €1,
and writtenas I — lim¢&, = (.

Definition 2.4. [5] A sequence (¢;) € w(BCQ) is called I-bounded if there exists M > 0 such
that

{(k eEN:I& 1> M} €L
Definition 2.5. [5] Let (&), (1) € w(BC) be two sequences. We say that &, = n, , for
almost all k relative to I(a.a. k.r. ), if
{k eN: & #n} € L

Here we define the sets 1.(BC), I, (BC), I, (BC) and I,,(BC) of I-convergent, I-null, I-
bounded, I,-summable.

I.(BC) = {($x) e w(BC):{k € N:||§ = ¢l = e} € [}

Io(BC) = {(§x) € w(BOC): {k € N: ||| = e} € I}

I.q(BC) := {(Ek) € w(BC): I3m = m(¢e) such that {k € N: ||&, — (|| = s}}
[ o (BC) := {(¢x) € w(BC): AM > 0 such that {k € N: ||&,|| > M} € I}

(o] [o/0) p
L,(BC) = {(§) € w(IB%(C):Z”fki”p <wfor0<p<1 &<2|Ifki||p) <o,forl<p
i=1 i=1

< oo for some {k; < k, <k, <--} € F(I)}
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Lemma 2.1. [12] The algebraic operations addition @, scalar multiplication © and
multiplication @ defined on w(BC) as follows, respectively:

@ : w(BC) x w(BC) » w(BC),(S,m) = $On = (S + M),
©: G x w(BC) » w(BC),(a,$) » a®$ = (asy),
®: w(BC) x w(BC) —» w(BC),(S,n) » & Q@ = (kM)
where & = (&), n = () € w(BC)and a € C,.
Lemma 2.2. [12] The set of all sequences of bi-complex numbers w(BC) is a sequence space.

Lemma2.3. [12] Let p and g be real numbers with 1 < p < oo such that% + % =1land &, n, €
BC for k € N, then

1 1
D llgenellP <2 (Zufknp) <Zunkuq> .
i=1 i=1 i=1

Lemma 2.4. [12] (Bi-complex Minkowski’s Inequality) Let p be real numbers with 1 < p <
oo and &, 1, € BC for k € N, then

(ank + mvp)5 < (infknp)E * (iunknp)p

k=1

3.1. Main Results:
Theorem 3.1. The set I, (IBC) is a sequence space.
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Proof: Let, &€ = (&;),n = () € I, (BC) and a € C, then sup ”Ekg ” < oo, sup ”nku” < o0,
k| t k| t

for some

K, ={ki <k, <kij<--}eF)andK, = {k{ <kj; <kj <--}eF().

Let, K ={k; <k, <k3 <--}=K; NnK, € F(I).

Now supl|§; + by ll < supl|§y,[| + sup||m||
k€K k€K k€K
< sup |6+ sup]lni ]| < o
k€K k€K

Therefore, ¢@n € I, (BC).

For a € C,, sup”afki” < |a| sup”fki” < oo,
ki€K ki€K

Therefore, a®¢ € 1, (BC).
And so I, (BC) is a subspace of the space w(BC).
Hence, the set I, (BC) is a sequence space.

Theorem 3.2. The class of sequences ( I,(BC),d Hoo(m)) is a complete metric space with the
metric d ;_(pc) defined by

d 1, B0 lo(BC) X I,(BC) — [0,),(&,n) — d; me(&n) = 2112”5@ — ]| -- (@)
i€

forsome K = {k; <k, <k; <--}=K,NK, € F(I) where & = (&),n= () €
I, (BC).

Proof: 1 we proof the metric axioms.
i) dr,mo(&n) =0
And SUp”fki o nki” =0
ki€K

c}fki:nkiViEN

=& =i fora.a.k.r. L
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i) dﬂw(ma(c)(f;n) = Sup”fki - Uki” = Sup”’lkl- - Eki” = dﬂoo([Bc)(TI's;)-
ki€K ki€K

iii) Let u € 1,(BC) and K = K; N K, N K3 € F(ID).
di, mcy) (& n) = Sup”fki - 77kl-|| =< Sup”fki — Hi; + Mg — Ukl-”
ki€K ki€K

< Sup”fki - ﬂki” + Sup”ﬂki - Ukl-” =djc) (&, 1) + dimcey ().
ki€K ki€K

Therefore, d;_ (pc) satisfies the metric axioms on the space I, (BC).

Next, we show that I, (BC) is complete.

Let (&,,,) be an arbitrary Cauchy Sequence in I, (BC), where &,, = ().

Then, 3n,(e) € N, such that dj_ gc)(Em, &) = 5-315”5’@ - E;i” <eVvVm,r = n,(e).
i

Then, for fixed i, ||E7 — & || <evm,r=n,. c----e-o----- 2)

In this case for any fixed i, (§k,, £, Sic,r -+» $ks ) IS @ bi-complex Cauchy sequence. So it

converges to a point say ¢, € BC. Define the sequence &* = (&) = (&7,¢5,&3, ...), with
infinitely many limits &7, &5, €3, ... and show ¢* € [,,(BC) and &,, — & asm — oo,

Indeed in (2), by letting r— oo for any fixed k and using the continuity of Euclidean norm

function ||-|| vm > ny(e), we get [|E8 — & || <«

And so dHOO(IB(C)(fm’ f*) = SIE'I%I)”EI?; - Eil
l

(ém) € 1, (BC) convergesto £ = (&) € w(BC).

On the other hand, as &, = (§f")x € I, (BC) for each m € N, 3t,,, € (0, ) such that [|&77]| <
t,, forall i € N.

&1l < 1€k, — &)l + [|€0]] < & + £ holds for k; € K € F(I) and m = n, (&), which is
independent of k. Therefore &* = (&;) € 1, (BC). Hence, 1, (BC) is complete.

<e&.
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Corollary 3.1. The sequence space I, (BC) is a Banach space with the norm ||-||;_ sc) defined
by
16 lme) = supll$il.§ = (i) € I (BO). - - - - -- ®)
L

Proof: Since Theorem 3.2. confirms that I, (BC)is a complete metric space with the metric
d . (sc) induced by the norm [[¢]l; sc) as defined by (3), the proof is evident.

Theorem 3.3. The sets 1.(BC), I,(BC) and I, (BC) , for 0 < p < oo are sequence spaces.
Proof: (i) Let & = (&,),n = (nx) € 1.(BC).

Then there exists {7, ¢; € BC suchthat — lerg &e=¢andl — kll_)rg N, = ¢, and so for every
e>03K;, K, € F(Dsuchthat Ky = (ki <kj <kj<--}={kj EN: 1§ —G <} €
F() and K, = (ki <k <ky <-}={k' €EN:llnus =& <3 € FD).

LetK ={ky <k, <k; <--}=K; NK, € F(I).

Then, || (&x, + k) — (G5 + &I < || Ex, = SO + | (1, = &)
Whichmeans I —1lim (&, —n) =+ =1— ;l(i_r,rio $p +1— }cifionk'

k—o0

<fi4+i=¢ vk €K.
2 2

Therefore, ¢ @ n € 1,.(BC).

(ii) Let & = (&) € I.(BC) and a € C, \ {0}.

Then there exists {* € BC such that T — kh_)rg &, = ¢ andso forevery e > 03 K, € F(I) such
that K = {ky <k <ks <} ={k; EN:ll &, — "I <ﬁ} e F(I).

Then, Il agy, —ag* Il =ll a&x, = ¢ 1= lal I &, =" < lal = =&, Vk; € K.

Which means, I — kILTO aé, =af* =a(l—- kh_)ngo &) s

Therefore, a®¢ € 1,.(BC).
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For a = 0, the proof is obvious.
Hence, 1.(BC) is the sequence space.

For I, (BC), it is easy to prove that it is the sequence space by taking {; = {; ={* =0
in the above.

For 1,(BC),0 <p < o, Let & = (&),n = () € I,(BC). Then there exists K; =
{k1<ky<ki<--}eFM) and K,={ki<kj <kj<--}eF{) such that
21 ”Ek{ ” < ooand ;2 ”Ek-i- ” < oo, respectively.

Let, K = {k; <k, <k; <--}=K; NnK, € F(I). Then the above inequalities hold for all
k; € K.

(MNowfor0<p<1

e+l < D el + lmel”) = D eall” + Y lleiall” < o0, vk € k.
i=1 i=1 i=1 i=1

For 1 < p < oo (by Lemma 2.4),
14

1
[ee] [ee] 5 [oe]
Dbl <|(lealf )+ (Yl ) | <o.vice
i=1 i=1 i=1

Therefore, § @ n € 1,(BC).
(i) Let& = (&) € I,(BC) and a € Cy \ {0}. Then there exists K = {k; < k, < kz < -}
such that 3.2, ||&x,|| < oo Vk; € K € F(I).

S

Then, we have 2, [|a&, || = 24lal?||&]” = lal? 224l )| < 0, k; € K € F(D).
Therefore, a®¢ € I,(BC). For a = 0, the proof is understood.

Hence, the set I, (BC) is a sequence space.
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Theorem 3.4. The class of sequences (]IC(]B(C),de(B@) is a complete metric space with the
metric dj_ (g defined by (1).

Proof: Let (&,,) be an arbitrary Cauchy Sequence in I, (BC), where &,, = (/).

Let (£,,) be an arbitrary Cauchy Sequence in I, (BC), where &, = (§7)k-

Then 3n,(e) € N, such that d;_ pc)(Em, §) = sup”f,ﬁ’i‘ — E,Ci” < § vm,r = n,(e).
ieN

Then for fixed i,

|€Ir<rll - EI:L” < gvm'r >ny(e) 0 o 4

In this case, for any fixed i, (E,%i, E,Ei, E,?i, ., $k;» ) 1S @ bi-complex Cauchy sequence. So it

converges to a point say ¢, € BC. Define the sequence &* = (&) = (¢7,¢5,&3,...), with
infinitely many limits &7, &5, 3, ... and show ¢* € [,,(BC) and &,, — &* asm — oo.

In (4), by letting r — oo, for any fixed k and using the continuity of Euclidean norm function
Il vm > n(e), we get |67 — & [l <=

And 50 di., ) G §7) = supl|Eit - &5,
l

Therefore, the sequence (£,,) c I.(BC) converges to £ = (¢;) € w(BC).

<evm,r = n,(e).

On the other hand as (f,’:")keN € I.(BC) is a bi-complex I-Cauchy sequence, for every & >
0 3! and ||€,'(‘i° & < § vk; € K € F(I).

Therefore, for every e > 0,

i, - &l = ||&i — o + e — g+ g0+ &
& & &
S|€ki_f;:io +||‘flrclio_ lno +||flno_fl <§+§+§=E,VkiEK
€ F(D).

Therefore, £ = (&) € [.(BC) and is a bi-complex I -Cauchy sequence. Hence I.(BC) is
complete.

We state the following Corollary without proof.
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Corollary 3.2. The sequence space (Hg (]B(C),dnw(m)) is a complete metric space with the
metric dj_ (g defined by (1).

Theorem 3.5. The sequence spaces I.(BC) and I,(BC) are Banach spaces with the norm
IIIly,, mcy defined by (3).

Proof: Since theorem 4 and Corollary 2 confirm that I.(BC) and I, (BC) are complete
metric spaces with the metric d _ gy induced by the norm |[£]l;_ sc) as defined by (2), the
proof is evident.

Theorem 3.6. The sequence spaces (I,,(BC), dﬂp(m)) are complete metric spaces for 0 < p <
oo, where d,(BC) is defined as follows:

dr,mc) (€, m): 1, (BC) X 1,,(BC) - [0, ),

( [o.0]
Z”fki —n |’ 0<p<1
i=1

1
= P
(Ses-nlf | 1 <<
\i=1

forsome K = {k; <k, <k; <--}=K, NK, € F(I) where & = (&,),n=(n) €
I, (BO).

Proof: Let1 < p < co.

&n - dﬂp(m)(f; n) =1

Now 1% we proof the metric axioms.

i) di,mcy(§,m) 20 as 1€k, = 1.l = 0 V€, € 1,(BC).

1
Now d]lp(IB(C)(’S;U) =0 (Zﬁilllfkl - nki”p)p =0
& ||&, —mi|” =0,vieN
& ||&, =i, ]| =0, vieN
= {Tki = T]ki: Vi e N

= (&) = () fora.a. k.r. 1.
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i) dup(m)(fln) = (Z?;”fki - Uki”p); = (Z?i1||77ki - Eki”p); = duw(m)(nl $).
i) Let u = (uy) € I,(BC) and K = K; N K, N K3 € F(ID).

dﬂp(m)(f’ n = (Z”'Ski - leillp)
i=1
1

) @ll(&i = teg) + (tte; = ) ”pf

. e b
< (Dbos=ml )+ (Y- ml
i=1 i=1

= dp, o) (§, 1) + di,moy (1, ).

S

Therefore, dp,(BC) satisfies the metric axioms on the space I,,(BC) for 0 < p < oo.
Next, we show that 1,(BC) is complete.

Let (£,,) be an arbitrary Cauchy Sequence in I, (BC), where &, = (&¢*) ken-

Then for every € > 0,3n,(¢) € N, such that

1
o P
dnoo(ma(c)(fm,fr) = (2”51@ - lei”p) <eVvVm,r = n,(e).
i=1

Then for fixed i, [|&FF — &7 || < e Vm,r = ny(e).  ---------cn---- -(5)

In this case for any fixed i, (§k,, 7, Sid,r -+» $ks o) IS @ bi-complex Cauchy sequence. So it
converges to a point say ¢, € BC. Define the sequence &* = (&) = (&1,¢5,&3, ...), with
infinitely many limits &7, &5, €3, ... and show &* € 1,,(BC) and &, — " asm — oo,
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And in (5), by letting 7 — oo we have (X1, [|&" — & ||')? <evneN

1
Now for n tends to infinity, d; sc)(§m, §) = (Z?=1||§,’gil — &k p)” <e.
(&m) < I,(BC) converges to & = (&) € w(BO).
On the other hand, as &, = (§)y € I,(BC). By bi-complex Minkowski’s inequality and

convergence of series Y7L, || & — &, P
1
)p
p

2
< (Z||ez':||”)%+(i|

1
5 n
) = (Ene;z; - &
i=1
holds for k; € K € F(I), which is independent of k. Therefore £* = (&) € I, (BC). Hence,
IL,(BC) is complete for 1 < p < oo.

$ky

p%
f;;fi@}ll) <

i ; % P - :
Similarly, we can show that dy sc)(§m, €°) = Xi24|[Sk, — || is a metric and 1,,(BC) is
complete for 1 < p < co.

Corollary 3.3. The sequence spaces I,(BC) are Banach spaces with the norm  |I-ll, sc)
defined by

r [ee]
Z”fki |l 0<p <1
i=1

1
i P
(Z”fki ‘Wki”p) I<p<o
\{=

forsome K = {k; <k, <kz <--}=K; nK, € F(I), where ¢ = (&) € I,(BC).

||f||11p(133<c) =9

)
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Proof: The proof is clear from the above theorem 6.
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Abstract: In this article we are going to define a set theoretic approach which is the
generalization of set theory, fuzzy set and multiset. We define some operation on the basis of
the new generalization set, some application of this set with interesting examples. We
investigate and established some valuable result on the set which shows this theoretic approach
very much advanced then other sets.
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1. Introduction:

In the classical set theory Cantor set has property that the appearance of elements in a set is

assessed in binary terms according to a bivalent condition an element either belongs or does
not belong to the set which is a set of points lying on a single line segment that has a number
of remarkable and deep properties. It was discovered in 1874 by Henry John Stephen Smith
and introduced by German mathematician Cantor in 1883[2]. Later on fuzzy sets (aka uncertain
sets) are somewhat like sets whose elements have degrees of membership. Fuzzy sets were
introduced independently by Zadeh [7] in 1965 as an extension of the classical notion of set.
At the same time, Salii (1965) defined a more general kind of structure called an L-relation,
which he studied in an abstract algebraic context. Fuzzy relations, which are used now in
different areas, such as linguistics, decision-making and clustering are special cases of L-
relations when L is the unit interval [0, 1].
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We have Cantor set, fuzzy set but in some case they also fail to represent real objects for
overcome such kind of problems Wayne Blizard [1] in 1970 established the multisets theory.
Multiset or bag set is a modification of the concept of a set that, unlike a set, allows for multiple
instances for each of its elements. The positive integer number of instances, given for each
element is called the multiplicity of this element in the multiset. As a consequence, an infinite
number of multisets exist, which contain only elements x and y, but vary by the multiplicity of
their elements. Blizard traced multisets back to the very origin of numbers, arguing that “in
ancient times, the number n was often represented by a collection of n strokes, tally marks, or
units. These and similar collections of objects are multisets, because strokes, tally marks, or
units are considered indistinguishable. This shows that people implicitly used multisets even
before mathematics emerged. After discovering the Blizard’s multiset theory classical set
theory has become a particular case of multiset theory. Many mathematicians had studied on
this set. Now a day we have multiset and fuzzy sset for multiset we had defined count function
and for other type of set which is not well define we have membership function but we can’t
apply both the case at a times. But in real life we may have uncertinity and multiplicity. In this
article we have solve this problems which is also may considerable for the generalization of
multiset, fuzzy set and classical set theory.

2. Preliminary

In this section we will give some definition from previous research work for the establishment
of this paper.

Definition 2.1. A domain X, is defined as the set of elements from which msets are constructed.
The mset space [X]" is the set of all msets whose elements are from X such that no element
occurs more than w times.

Throughout this paper, we denote a multiset drawn from the multiset space [X]" by M

Definition 2.2. An mset M drawn from the set X is represented by a count function M or Cm:X—
N, where N represents the set of nonnegative integers.
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Here C(x) is the number of occurrences of the element x in the mset M drawn from the set X =
{x1, X2, .......Xn} as M = {ma/x1, mao/Xo, ....... mn/Xn} Where m; is the number of occurrences of the
element xi, i = 1, 2, ..... n in the mset M. The elements which are not included in the mset M
have zero count.

Remark 2.1. We introduce some new notions on multiset topological space on the basis of the
count function. Whenever Cwu(x) = 1 for every xeX multisets become structurally equivalent to
the class of sets. So whatever results and definition we establish when restricted to this
condition must be equivalent to some results in classical set theory.

Consider two msets M and N drawn from a set X. The following are the operations defined on
the msets will be used in this article

For the details of multisets such as addition, union, intersection, subtraction, compliment, one
may refer [4, 5]

The following are basic operations under collection of msets. Let [X]" be an mset space with
Cz(x) as the multiplicities of xeX and {M1, My, .....}be a collection of msets drawn from [X]".
Then the following operations are possible under arbitrary collections of msets.

1. The Union is defined by

UiaiMi = {Cu(X)/Xx : Cu(x) = max{Cwmi(X) : i€ I},for all xeX}.
2. The intersection is defined by

NieMi = {Cu(X)/x : Cm(x) = min{Cwi(X) : i€ 1},for all xeX}.
3. The mset complement is defined by

Me=Z 6 M = {Cu(X)/X :Cm°(X) = Cz(X)-Cm(x), for all xeX}.

Definition 2.3. Let M be an mset drawn from a set X. The support set of M denoted by M*is a
subset of X and M* = {xeX : Cm(x) > 0}.

Definition 2.4. An mset M is said to be an empty set if for all xeX, Cm(x) = 0.

Definition 2.5. Let X be a support set and [X]"be the mset space defined over X. Then for any
mset Me [X]", the complement M of M in [X]" is an element of [X]" such that Cmc = w - Cm(X)
for all xeX .
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The following types of submsets of M can be defined from the mset space [X]" on the basis of
multiplicity of elements.

Definition 2.6. A submset N of M is a whole submset of M with each element in N having full
multiplicity as in M i.e., Cn(x) = Cm(X) for every xeN.

Definition 2.7. A submset N of M is a partial whole submset of M is a partial whole submset
of M with at least one element in N having full multiplicity as in M i.e. Cn(X)=Cn(x) for some
X in N.

Definition 2.8. A submset N of M is a full submset of M if each element in M is an element in
N with the same or lesser multiplicity as in M

i.e.Cn(X) < Cwm(x) for every xeN.
Some basic information about fuzzy set.

Definition 2.9 A fuzzy set is a pair (X, m) where X is a set and m: X—[0, 1] a membership
function. The reference set X is called universe of discourse, and for each xeX the value m(x)
is called the grade of membership of x in (X, m). The function m = u, is called the membership
function of the fuzzy set A = (X, m).

For a finite set X = {x;, x5, x3, , x,,} the fuzzy set (X, m) is often denoted by
{m(x1)/x1, m(x2) /%2, m(x3) /X3, oo, M(X0) /X }

Let xeX Then x is called

. not included in the fuzzy set (X, m) if m(x) = 0 (no member),

. fully included if m(x) = 1 (full member),

. partially included if 0< m(x)<1 (fuzzy member).
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Definition 2.10 A fuzzy set A = (X, m) is empty (A = @) iff (if and only if)
for each xeX such that u,(x) = m(x) =0
Definition 2.11 Two fuzzy sets A and B are equal (A = B) iff
for each xe X such that pu,(x) = ug(x)
Definition 2.12 A fuzzy set A is included in a fuzzy set B (ASB ) iff
for each xeX such that u,(x) < ug(x).

Definition 2.13 The complement of a fuzzy set A is denoted by -A (sometimes denoted as A°
) is defined by the following membership function:

for each xeX such that pyc(x) = 1 — py (x).
Cardinality of fuzzy set:

For a fuzzy set A with finite supp(A) (i.e. a 'finite fuzzy set'), its cardinality or scalar cardinality
or sigma-count is given by

Card(A) = sc(A) = |Al = Xxex ta(x).

In case that X itself a finite set, the relative cardinality is given by
RealCard(A) =||A|| = sc(A)/|X| = |Al/|X]|

Disjoint fuzzy sets:

Two fuzzy set A and B is said to be disjoint fuzzy sets iff the following mathematical
condition holds

Vx € X:ipuy(x) =0V pug(x)=0.
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Which is equivalent to
Ax € X:puy(x) > 0Aug(x) >0

and also equivalent to

Vx € X:min {u,(x), ug(x)} =0
For disjoint fuzzy sets A, B any intersection will give @, and any union will give the same result.
For more about fuzzy set theory we may refer to [7,8, 9].
3. Main result
In this section we define some new definition and established some results on New GS set
The New Generalization set in shortly denoted by New-GS set.
Define The New Membership function I': X— Q*U{0}

Definition 3.1. A domain X is defined as the set of elements from which New Generalization
set is constructed. The New Generalization set [X]" is the set of all New Generalization set
whose elements are from X such that no element occurs more than w times.

Definition 3.2. A New Generalization set N drawn from the set X is represented by a New
Membership function I': X— Q*+U{0}, where Q* represents the set of nonnegative rational.

Here I'(x) is the number of occurrences of the element x in the New Generalization set N drawn
from the set X = {X1, X2, ......Xn} as N = {& Iz

Xl, Xz,
of the element x;, i =1, 2, ..... n in the New Generalization set N. The elements which are not
included in the New Generalization set N have zero count.

r .
....... -1 where T is the number of occurrences
Xn l
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2 42 41
35 47 45

x! y’ Z’

2
Example 3.1 Let [X]'° ={x, y, z, t} are the elements the New-GS set is N= { 879}, where

the New Membership of the element x is 32 means the appearance 3 times and % part of another
one element which is fuzziness of the element.

The following types of sub New Generalization sets of N can be defined from the domain of
New Generalization set [X]" on the basis of New Membership of elements.

Definition 3.3. A sub New-GS set M of N is a whole sub New-GS of N with each element in
M having full mew membership as in N i.e., I'n(x) = I'm(x) for every xeN.

Definition 3.4. A sub New-GS set N of M is said to be empty New-GS set if the New
Membership function is zero for all x in N.

The empty New-GS set is denoted by Ney where Neg = { } and Iye,=0, Vx € X.

Definition 3.5. A sub New-GS set N1 of N is a full sub New-GS set of N if each element in Nz
is an element in N with the same or lesser New memberhip as in N

i.e, Ty, (X) < I'n(x).

Definition 3.6 Let N;and N, be two New-GS set the union of two New-GS set is defined by
N = Nl V) NZ and FN: eruszmaX{er, FNZ}'

Definition 3.7 Let N;and N, be two New-GS set the intersection of two New-GS set is defined
by N = Nl n NZ and FN: ernszmin{er, FNZ}'

Definition 3.8 The complement of a New GS set A is denoted by —A (sometimes denoted as A°
) is defined by the following New GS membership function:

for each xeX such that Ic(x) = w — I;(x).
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Cardinality of New Generalization set:

For a New GS set A the cardinality of A is the total number of element in A in case of finite
set the cardinality will be finite in case of infinite set the cardinality will have different notion
for countable infinite and uncountable New GS set.

In case of finite set with weight w (maximum occurrence of any element not more than w) the
cardinality of A is given by

Card(A) = |A| = Xxex 2 (x).

In case of A countable infinite New Generalization set the cardinality of A is define by Card(A)
= |Al = Xrex Ta(x) = NG,

In case of A uncountable New Generalization set the cardinality of A is define by Card(A) =
|Al = Xxex Ia(x) = NGe,.

Disjoint of New Generalization set:
Two New GS set A and B is said to be disjoint New GS sets iff the following mathematical
condition holds
Vx € X:min {I4(x), [5(x)} =0
Which is equivalent to
Vx € X:I(x) =0V Iz(x)=0.0r
Ax € X: I[(x) > 0AIz(x) >0

For disjoint New GS sets A, B any intersection will give Iy, .
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We have established some result and supportable example

Theorem 3.1 Every multiset is a New-GS set but not necessarily conversely.

Proof: from the definition of multiset let M = {%, % — ?} be a multiset where m; be the
1 2 n

multiplicity of each x; and each m; is a positive integer now this set can also be a New-GS set
where the m; be the New membership treat as I; of each x; , where the fractional part of the
new membership is zero.

In case of multiset every fractional part of new membership always zero.
Hence every multiset is a New-GS set.

For converse part we need an example 2.1

Where example 2.1 is a New-GS set but not a multiset.

Hence prove the theorem.

Theorem 3.2 Every Scrip set is a New-GS set but not necessarily conversely.
Proof: Since every scrip set is a multiset and every multiset is a New-GS set.
So every Scrip set is a New-GS set.

Using above theorem we can say that the converse is not true.

116



Journal Tri. Math. Soc. V25, December (2023)

Theorem 3.3 Every fuzzy set is a New-GS set but not necessarily conversely.
Proof: Let X = {xq, x5, x3, ...... , X, } be a domain set

Then A = {(x1, 1), (%2, 12), (x3,U3),...... , (xn, un)} i1s a fuzzy set where each p; is the
membership value of x;.

To prove A is also a New-GS set

Here u; can be consider as a New membership function where each integer part of the New
membership function is zero.

Hence prove the Necessary part of the theorem.
For converse part use example 2.1 this shows that the converse of the theorem is not true.

Lemma: 3.1 For the set theory the following diagram is true.

Multiset

New

Generalization

set
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