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Abstract:In this paper, we propose the notion of interval- valued neutrosophic hesitant fuzzy
rough set, by combining internal- valued neutrosophic hesitant fuzzy set and rough set. The
combination of interval- valued neutrosophic hesitant fuzzy set and rough set is a powerful tool
for dealing with uncertainty, granularity and incompleteness of knowledge in information
systems. We present definitions and some basic properties of the proposed model.Finally, we
give a general approach which is applied to a decision making problem in disease diagnoses, and
demonstrate the effectiveness of the approach by a numerical example.

Keywords: Interval- valued neutrosophic hesitant set, internal-valued neutrosophic hesitant
relation, interval-valued neutrosophic hesitant fuzzy rough set, decision making method.

I. Introduction

The notion of rough set theory has been proposed by Pawlak in 1982 [6] and the theory of fuzzy
set proposed by Zadeh in 1965 [15]. They are generalizations of the classical set theory. Rough
set theory is a mathematical approach concerning uncertainty that comes from noisy, inexact or
incomplete informations. In Zadeh’s fuzzy set theory, the membership function play the
important role, whereas in Pawlak’s rough set theory, equivalence classes of a set are the
significant part for the upper and lower approximations of the set. As a generalization of fuzzy
sets and intuitionistic fuzzy set [1], the concept of neutrosophic set (Nset) was introduced by
Smarandache [7] in 1999. The concept of neutrosophic set handles indeterminate data whereas

fuzzy set theory and intuitionistic fuzzy set theory failed when the relation is indeterminate.
Neutrosophic set is described by three functions: true-membership function, indeterminacy-
membership function and falsity-membership function that are connected independently. The
neutrosophic set theory has been very successful in several areas, such as medical diagnosis,
database, topology and decision making problem [4], [14]. While the neutrosophic set is an
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important tool for handing the indeterminate and inconsistent data, the theory of rough set is a
powerful mathematics tool to deal with incompleteness.

Without a particular description, it is hard to use the Nset in real scientific and different domain.
Wang et al. [10] proposed single valued neutrosophic set (SVNsets) by simplifying Nsets.
SVNsets can also be considered as an extension of intuitionistic fuzzy sets, in which the three
membership functions are unrelated and their function values belong to the unit closed interval.
As another generalization of fuzzy sets, the hesitant fuzzy set (HF) was defined by Torra [8],
which allows its membership function to have a set of possible values. Hesitant fuzzy set is also
important concept used to deal with imperfect information [12]. By combining the advantages
of the SVNset and HFset, Ye [14] introduced the notion of single valued neutrosophic hesitant
fuzzy set (SVNHFset) which allows its membership function to have sets of possible values,
which are called truth, indeterminacy, and falsity membership hesitant functions and discussed
some properties of SVNHFset to solve multiple attribute decision making problems. In addition,
many researchers have studied hesitant fuzzy decision making problems by utilizing plenty of
classical decision making tools. Among them, since the rough set approach owns advantages
inattribute selection, we aim to deal with the situation by virtue of the rough set theory.

In this paper, we apply rough set model to decision making involving interval-valued
neutrosophic hesitant fuzzy sets. Moreover, we also propose an illustrative example to interpret
the basic principal and method of the application of the rough set model in interval-valued
neutrosophic hesitant fuzzy decision making.

Section 2, recalls some basic concepts of rough sets, interval-valued neutrosophic hesitant fuzzy
sets. In Section 3, we present rough set model based on IVNHF relation over two universes and
examine some properties of this model. In Section 4, we establish a general approach to decision
making based on IVNHF rough set over two universes. Section 5, illustrates the principal steps
of the proposed decision method by a numerical example. Finally, in Section 6, we conclude the
paper with a summary and outlook for further research.

2. PRELIMINARIES
In this section we recall some basic notions and properties which will be used in this paper.

Definition 2.1 [6] Let U be a non-empty finite universe. R be an equivalence relation on U. We
use U/R to denote the family of all equivalence classes of R and [x]z to denote an equivalence
classes of R containing the element x € U. The pair (U, R) is called an approximation space. For
any X € U define the lower & upper approximation of X as
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R(X) = {x € U:[x], < X}
R(X) ={x € U:[x]g N X # @}
The pair (R(X), R(X)) is refer to as the rough set of X.

Definition 2.2. [8] Let X be a fixed set, a hesitate fuzzy set (HFset) A on X is in determines of
function ha(x) that when applied to X returns a subset of [0, 1] i.e,

A={<x, ha(x)>:xEX}.

Where h4(x) is a set of some different values in [0, 1], representing possible membership
degrees of the element x € X to A. h4(x) is a hesitant fuzzy element.

Definition 2.3. [11] Let X be a fixed set and let int[0, 1] be the set of all closed subset of [0,1].
A interval-valued hesitant fuzzy set.(IVHF set) A on X is defined by

A={<x, ha(x)>:x€EX} where h4(x):X—int[0, 1] denotes all possible interval-valued membership
degree of the elements x € X to A. h4(x) is an interval valued hesitant fuzzy element.

Definition 2.4. [9] Let X be a space of points (objects). An interval valued neutrosophic set (IVN
set). A in X is characterized by a truth membership Ta(x), an indeterminacy membership function
Ia(x) and a falsity membership function Fa(x). For each point x € X we have

Tu(x) = [Ty (%), Ty ()], La(x) = [Lg (x), I3 (¥)], Falx) = [Fy (x), Ff ()] < [0,1]&
OSTSF(O)+ L (x)+Ff(x)<3,x€X

Definition 2.5. [4] Let X be a non-empty fixed set, a single valued neutrosophic hesitant fuzzy
set (SVNHF set) on X is defined as

A= {<x, T(x), [(x), F(x)>: x € X}
Where T(x) = {a:a € T(x)}, [(x) = {B: 5 € [(x)}, F(x) = {y:y € F(x)}

Are three sets with value in [0, 1], representing truth, indeterminacy and falsity membership
hesitant degree of the element x € Xwith « € [0,1], 8 € [0,1] & ¥ € [0, 1] and

O<supa+supf +supy < 3.

Definition 2.6. [12, 13] Let U be a non-empty and finite universe. A Hesitant fuzzy relation R
over U is a hesitant fuzzy subset that RE HF(UXU) where R = {(x, y), Ar(x,y): (x, yY)EUXU
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hr(x,y) is a set of values in [0, 1]. It is denoted the possible membership degrees is the
relationships between x and y.

Definition 2.7. [14] Let U and V' be two non-empty finite universe. A single valued neutrosophic
hesitant fuzzy set (SVNHF set) sub set R of the universe UXV is called a SVNHF relation from
U to V, namely R is given by

R= {<(Xa Y)’ TR(x’ y)a fR(x’ y)o FR(X’ y)>: (x' y) e UXx V}

Where, Tx, I, Fr: U x V = [0, 1] are triple sets of some values in [0, 1]. It denotes the possible
truth-membership hesitant degrees, indeterminacy-membership hesitant degrees and falsity-
membership hesitant degrees of the relationship between x and y with the condition 0 <
a,B,y=1land0 < a* + Bt +y* < 3 where forall (x,y) € U X V where forall (x,y) € U x

V,a € Tp(x, y), BEIR(y ), v € Fr(x, y), a* €TF(x, y)=Ugerp(xy) max{al}, f* € IF(x,
y):UﬁeiR(x,y) maX{B}a V+ € F;(X, y):UyeﬁR(x’y) max{y}

3. Interval-Valued Neutrosophic Hesitant Fuzzy Rough Sets

Definition 3.1. Let U and V be two non-empty and finite universe and P be an interval-valued
neutrosophic hesitant fuzzy (IVNHF) relation from U to V. The triple (U, V, R) is called IVNHF
approximation space. For any A€ IVNHF(V) the lower and upper approximation of A with

respect to (U, ¥, R) denoted by R(A)&R(A) are two IVNHF sets of U defined as
R= {<x, T=(x), [z(x), Fx(x)>: x € X}
R= {<x, ’IA"E(x), fg(x), F'B(x)>: X € X}
TE(A)(X) = Nyevt Fr(x,y) vV T4(y)}
Fr(x, )= [Fg (6, v), Ff (x,9)]
Fg (x,y) = inf Fp(x, ), F (x, )= sup Fp(x, )
T, = T4 ), T4 )] = [infTa(y), supTa ()]
fg(A)(x) = Vyev{ftg(x’ V) A (N)}= Vyer{l — [, y) AL ()}

fR(X, }’): [fE(X, }’)’f;(x, }’)] = [infiR(x’ y)a sup fR(x’ }’)]
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L) = [I1 &), I )] = [infl4 (), suply(¥)]
Freay() = Vyer{Tr (x, y) A Fa(y)}
Tr(x, )= [T (x,¥), T5 (x, )] = [inf Tp(x, ), sup Tr (x, )]
FA(y) = [Ex ), Ef ()] = [infFy(y), supFu(y)]
Now, Tz4)(®) = Vyer {Tr(x, ) A Ta (1)}
Freay® = Aver T (6 9) V L))
Fron® = Ayerl FaGo ) V Fa()}

The pair (R(A4), R(A)) is called the IVNHF rough set of A with respect to (U, V, R) and R(4),
E(A):IVNHF(V)—JVNHF (U) are referred to as lower and upper IVNHF rough approximation
operators.

Definition 3.2. The IVNHF relation R from U to V is said to be serial if for each x € U, There
exists a y € V such that Tg(x,y) = [1,1] and I (x,y) = Fz(x,y) = [0,0].

R is said to be reflexive on U if Tz (x,y) = [1,1] and Iz (x,y) = Fr(x,y) = [0,0] forallx € V.
R is said to be symmetric IVNHF relation on V if Tr(x,y) = Tr(y,x), Irx(x,y) =
Ix(y, x)andF (x,y) = Fr(y, x) for all x,y € V. R is said to be transitive IVNHF relation on U

lf VyEV{TR(X; y) ATR(y: Z)} S 7\WR(-XJ Z)a /\_’yEV{ iR(xr Y) ViR(y: Z)} S
Ix(x, 2), andAyep{ Fr(x,y) VFr(y,2)} < Fr(x,z) forall x,z € U.

Let [(T4(%)), 1(I4(x)), I(F4(X)) stands for the number of intervals in T, (%), [,(x) and F,(x)
respectively.

Then alternatively R is transitive IVNHF relation if, VyEV{T"I;S ©) (x, ) A T2 ©(y,2)} <
Qw1 <s <k, Nerl RO VRO < RO 1<t <
mand/\yep{ FRS(p) (x,y) Vv FR‘S(p) (y,2)} < ﬁRs(p) (x,2),1<P<n

Where 'T",f ) denotes the s largest interval in T, 1‘5 ® denotes the t largest interval in [ and

FRs(p)denotes the p largest interval in .
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K = max { (TR (x, y)) N (TR >, z)) 1 (TR (x, z))}
m = max {1 (iR (x, y)) 1 (iR o, z)) 1 (fR (x, z))}
p =max {l (FR (x, y)) )1 (FR v, Z)) Ny (FR (x, Z))}

Definition 3.3. From the definition 3.2 we can write that the definition 3.1 implies the following
Toeay () = Nyerl (B G y) VIO 0M1 < 5 < max{l (FeGe ) ) LTa )}

Ty () = Ve (1,11 = I (e, ) AR P 0)W1 < £ < max{l (1= T (6, ) ) L ()]
Faeay () = Vyer TR ® (e, 3) AEP (531 < p < max{l (T (6, 3) ) LFa(y))}]

Tr ) = VyerlTe® (6, 3) ATIO )1 < 5 < max{l (Te (e, 1) ) LTy}

Ty @) = Ayerl (RO G y) v IEO 0y < ¢ < max{l (T Co ) ) L)}

Pren @) = yerl (BeP (6, y)) v PP (Y1 < p < max{l (Fe(x, 1)) A(Ea ()3

Where | stands for number of intervals in hesitant fuzzy elements

Definition 3.3. Let U be a non-empty and finite universe of discourse. Denote
K=max {{ (T,()), 1 (Tz(x))3
m=max {1 (L), 1 (1))}

p= max{l (FA (x)) N/ (ﬁB (x))},VA,B €IVNHEF(V), A is said to be a IVNHF subset of B, if
T, € Ts), a(¥) 2 [s(N&EL () 2 Fp().

> 190 1,900, Y0 2 RYO&E P 1) 2 P () with 1<s<k1<t<
mand 1 < p <n,then 4 € B.
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Theorem 1. Let (U, V, R) be a IVNHF approximation space over two universes. Then the lower
and upper IVNHF rough approximation operators satisfy the following properties for all A,
BEIVNHEF(V)

1)
2)
3)
4)
5)
6)
7)
8)

Proof:

R(A°) = (R(A)*

R(4) = R@*

IfA S B = R(4) € R(B)
IfAC B = R(A) € R(B)
R(ANB)=R(A) NR(B)
R(AU B)=R(A) UR(B)
RW)=U

R@® =0

1) Forall x € V, we have Tgeay(x) = [Ayer{ Fr(x,¥)) V T4(»)}

Therefore, Tp(ac)(x) = [Ayev{ Fr (x, ) V Tae (1)}
= [Ayev{ FrCe, y)) v ([1,1] = Ta())}

= Ayer{ Fr(x, ) v ([1,1] = T, ()}

= [Ayer{ FrCe,y)) v (A - T4 ), (1 = T N1

TA(}’):[TA_(J’)a TA+(J’)]&[1, 1] - TA()’) =[(1- 7A1,4+ ), (- 7AWA_ ()’))]:[F‘A_(}’)a PA+(}’)] =

ﬁA )

(TA+ )=1- FA_ ) &( FA+ »)=1- TA_ )
= [Ayerd FrGe, ) v Ex(0)}
= Ayerl B (e, ) V E P ()} = Py (0)=T 4, ()

So, R(A%) = (R(A)*

Similarly, we have R(A) = (R(A)°.
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3) Since A S B we have the following T’A‘S(S) (y) € T’g © ), fj(t) (y) 2 fg © (y)&ﬁf(p)(y) -
E®P()ywith1<s<kl<t<mandl<p<nforally€eV.

It follows that Ayey{ (B2 (6, ) v T2 )} € Ayar{l (B2 (2, 7)) v TEC ()},
Vyerd[L 1] = 129 e, y) AP (1)} 2 Vyepl[1, 1] = IBP (%, ) AP (9)3&

\/ TP BP0y 2 \ [P ) A B P )

yeV yeV

Hence, for each x€ V we have TE(A)(x) c TE(B)(x), IAB(A)(x) 2 fB(B)(x) and FB(A)(x) 2
FE(B)(x)

Hence, R(A) € R(B).

4) Similarly, if A € B then R(A) € R(B)

5) For all x € V we have,

Tacansy () = [Ayer{ PG ) V Taas 00} = Ayerl (BeS (v v (1P 0) A T3P 0},
where s=1, 2, ...., k

Noer LB ) VYOOI A Nyerl{ O Gy v IO 0)Ys=1, 2, ... k

= Taeay () A Ty (0.

Similarly, fgcangy(¥) = Trcay () A Igey (V) &Friang) () = Freay(x) A Fregy ().

Thus, R(A N B)=R(A4) N R(B).

(7) & (8) straight forward.

Definition 3.4. Let N = {T, [, F'} be a IVNHF set then the score function can be defined as

S(N) =§{é2a + iZ(l -p)+ éZ(l —¥)}, where I3, I;, lp are the numbers of intervals on T,

[and F respectively in N.
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Definition 3.5. Let R and R be two IVNHF sets in U, we defined the sum of R and R as
R @R = {<y,, Tr)® Tr)), () ® Iz(y)), Fr(y)) ® Fr(y;)>: y; €V}

= {y;, Tr)+TrW) — Te@)). Tr)), Ur®)) . [z, (Fr(y)) . Fr(y))}

4. Application in Medical Science

In this section we will apply IVNHF rough set model on two universes to medical diagnosis
problems U={x,, x2, ....xn} be a disease set. Let REIVNHFR(UXV) be an IVNHF relation from
Uto V.

For any (x;j, yi)€ U X V, Tx(x;, »1) represents the true membership degree of relationship between
symptom xj(x; € U) and the disease yi(y; € V). Iz(xj, yi) represents the indeterminacy
membership degree of relationship between symptom xj(x; € U) and the disease yi(y; € V).
Fr(xj, »1) represents the falsity membership degree of relationship between symptom x; (xj €U)
and the disease yi(y; € V), which are evaluated by several doctors in advance. In clinical practice
a patient can visit different doctors and may get different diagnosis to decrease the risk of miss
diagnosis, we should carefully consider all doctors comments. In that case for any patient set A
who has some symptoms in the universe U i.e. A = {< x, T4 (x;), I4(x;), F4(x;) >:x € U}.

Definition 4.1. IVNHF set is an effective tool to process the uncertain, inconsistent and hesitant
information. Assume X is a finite set which contains at least one element. Then an IVNHF set A
on X is described as

A={<x, Ty(x), 14(x), F4(x) >:x € X},
where T, (x) = {a:a € T4(x)}, @ = [a~,a*] € [0, 1].
Li(x)={B:B €L}, p=[p",p7] < [0,1].
Fa)={riy e (0} y =y, vy'1<[0,1].
0<supa+supf +supy <3

Definition 4.2. Let A = {[T; (x), T ()], [Ly (x), Lf ()], [Fa (x), F5 (x)]} be a IVNHF set then
the compliment of A is denoted by A° and is defined by
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AC = UO»’AETA{[V_: V+]r [1 - ,8+) 1- B_]’ [CZ_, CZ+]}
Ba€la
YAEF4

Definition 4.3. Let A = {[T; (x), T.f ()], [Ly (x), Lf ()], [Fa (x), 4 ()]}
B = {[T5 (x), Tg (x)], [I5 (x), I3 ()], [F5 (x), F§ (x)]} be two IVNHF sets

(@) Then the intersection of A and B is

ANB = U%Aeu {[A (ag, ap).A (ag, af)] [V (Ba, Bs)V (aqg, ap) [V Va,vs),
A€Ia

YA€F 47
agp€Tp

BBETR
YEFp

\A7873)
(b) The union A U B of two IVNHEF sets A and B is
AU B =Ugery {[V (aq, ap),V (af, ag)], [N (Br, Be).A (af, ag)], [A (va, ),
Ba€la

YAEF4
ag€Tp

BBETER
YEFp

Adve)]
The number of values in different IVNHF intervals might be different i.e. I ,(x;) # l7,(x;),
U, () # 1 p(x) and I, () # Lpp(x;)

Let,

lr(x) = maX{lTA(xi)' lrg (x:)}

L(x;) = max{l; , (x;), l; ; (x;)}andlp (x;) = max{lg,(x;),lpz(x;)} for each x; € X. We can
make them have the same number of intervals through adding some to the IVNHF intervals
which has less member of intervals. The section of this operation mainly depends on the decision
maker’s risk preferences. He/she may add the minimum of the truth membership intervals degree
and maximum value of indeterminacy membership intervals degree and falsity membership
intervals degree or add the maximum of the truth membership intervals degree and minimum
value of indeterminacy membership intervals degree and falsity membership intervals degree.

According to the pessimistic-principal, if I ,(x;) < Iy ,(x;) then least interval of T,(x;) or
Tg(x;) will be added to T, (x;). If I; ,(x;) < I;,(x;), then largest interval of I (x;)or Tg(x;) will

10



Journal Tri. Math. Soc. V27 (2025)

be interval to I4(x;) for x; € X. Similarly g, (x;) < lp;(x;) then the largest interval of Iz , (x;)
or I, (x;) will be interval in F,(x;) for x; € X.

Now the problem is that a decision maker needs to make reasonable decision about how to
finding what kind of the disease y; patient A is suffering from.

5. Now we present an approach to the decision making for this kind of problems by using
IVNHF rough set theory over two universes.

Algorithm

(1) By definition (3.1 ) we calculate the lower and upper approximations R(A)andR (4) of
A.

(2) By definition (3.5 ) we calculate R(A)® R(A).

(3) On the basis of definition (3.4 ) the score function of IVNHF interval where calculated
denote A; =S(R® R)=S(Tr (¥;)® Tz (), Ir(v;) @ Ix(¥)), Fr(¥;) © Fr(¥))).

(4) The optimal decision is to select y;if 4; = maxd;;j=1,2,3,..,v. We conclude that
patient A is suffering from the disease y;.

Table -1

Symptoms Characteristics for the considered diagnosis

R Y1 Y2

X, {([0.6, 0.8], [0.2, 0.3], [0.1, 0.3]), | {([0.2, 0.5], [0.3, 0.6]), ([0.1, 0.4], [0.3,
([0.2,0.4],]0.1,0.3],[0.3,0.5]), ([0.2, | 0.5]), ([0.4, 0.7])}
0.5], [0.6, 0.9], [0.1, 0.2])}
X, {([0.5, 0.7], [0.2, 0.4], [0.2, 0.5]), | {([0.6, 0.8]), ([0.2, 0.4], [0.4, 0.6]), ([0.4,
([0.1,0.3]), ([0.4, 0.6], [0.3, 0.4])} 0.6])}
X3 {([0.4, 0.6], [0.2, 0.5], [0.5, 0.7]), | {([0.5, 0.6], [0.1, 0.3]),( [0.2, 0.4], [0.1,
([0.1,0.4]),([0.3,0.5], [0.4,0.7])} 0.3],[0.4,0.6]), ([0.2,0.5],[0.1,0.3], [0.6,
0.71)}
X4 {([0.3, 0.5], [0.4, 0.6], [0.5, 0.8]), | {([0.5, 0.8], [0.7, 0.9]), ([0.2, 0.4], [0.3,
([0.1, 0.6]), ([0.3, 0.5], [0.4, 0.6])} 0.5]), ([0.8, 0.9], [0.4, 0.7])}

11
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{([0.1, 0.2], [0.1, 0.3], [0.3, 0.5]),
([0.4, 0.7], [0.6, 0.8], [0.2, 0.3]),

{([0-4, 0.6], [0.1, 0.2], [0.3, 0.5]), ([0.6,
0.7], [0.5, 0.7]), ([0.5, 0.7], [0.1, 0.3], [0.2,

(([0.8, 0.9], [0.3, 0.4], [0.1,0.3))} | 0.6])}

R V3

X4 {([0.1, 0.5], [0.7, 0.8]), ([0.5, 0.7],
[0.2,0.4]), ([0.3, 0.5], [0.2, 0.4])}
Xy {([0.2, 0.4], [0.6, 0.8]), ([0.1, 0.3]),
([0.6,0.7]), ([0.3,0.5], [0.1,0.4], [0.5,
0.7)}
X3 {([0.2, 0.5], [0.8, 0.9]), ([0.1, 0.4],
[0.9, 0.1]),([0.5, 0.7], [0.6, 0.8])}

Va
{([0.2, 0.5], [0.7, 0.8], [0.1, 0.4]), ([0.1,

0.3]), ([0.6, 0.8]), ([0.2, 0.5])}

{([0.3, 0.5], [0.1, 0.3], [0.4, 0.6]), ([0.4,
0.6], [0.2, 0.4], [0.4, 0.7]), ([0.8, 0.9], [0.2,
0.4], [0.1, 0.3])}

{([0.8, 0.9], [0.3, 0.5], [0.1, 0.2]), ([0.4,
0.6], [0.1, 0.4] , [0.3, 0.5]), ([0.6, 0.8] , [0.4,
0.61)}

{([0.5, 0.7], [0.4, 0.6], [0.3, 0.5]), ([0.4,
0.7]), ([0.8, 1], [0.1, 0.5])}

x, | {([0:2, 0.4], [0.3, 0.6], [0.6, 0.8]),
([0.1,0.3], [0.2, 0.4]), ([0.4, 0.7], [0-2,
0.5])}

xs | {([0.9, 1], [0.1, 0.3], [0.4, 0.6]), ([0.1,
0.4]), ([0.4, 0.6], [0.3, 0.5])}

{([0.1, 0.3], [0.2, 0.4]), ([0.1, 0.4], [0.5,
0.7], [0.3, 0.5]), ([0.1, 0.2], [0.4, 0.7])}

Let U = {x1, x5, X3, x4, x5} be five symptoms, where x; stands for “Headache”, “Nausea”,
“Stomach pain”, “Vomiting”, “Temperature “and the Universe V = {y;,¥y2,V3, ¥4} be four
diseases, where y; stands for “Hepatitis”, “Peptic ulcer”, “Malaria”, “Typhoid”.

Let R be IVNHF relation from U to V. R is a medical knowledge statistic date of the relationship
of the symptom (x; € U) and the disease (y; € V), We assume that A represented a patient and
the symptoms of Patient A are described by IVNHF set on the universe U.

Let A= {(y,, ([0.2, 0.4, [0.3, 0.5]), ([0.2, 0.4]), ([0.1, 0.3], [0.4, 0.6], [0.1, 0.4])), (5, ([0.1, 0.4],
[0.4, 0.7]), ([0.5, 0.7]), ([0.1, 0.3], [0.6, 0.8]), (¥, ([0.1, 0.3], [0.3, 0.5]), ([0.8, 0.9]), ([0.2, 0.4],
[0.5,0.7]), (4, ([0.2, 0.4], [0.1, 0.3], [0.4, 0.6]), ([0.1, 0.2], [0.5, 0.7], [0.1, 0.3]), ([0.4, 0.6], [0.3,

0.5])}.

First, we calculate the lower and upper approximations R(A) and R(A) as follows:

12
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R(A)= {<y,, ([0.2, 0.5], [0.3, 0.5], [0.2, 0.4]), ([0.2, 0.4], [0.2, 0.4], [0.4, 0.7]), ([0.1, 0.3], [0.4,
0.6], [0.1, 0.4])>, <y,, ([0.2, 0.5], [0.4, 0.7], [0.1, 0.4]), ([0.5, 0.7], [0.5, 0.7], [0.5, 0.7]), ([0.1,
0.3], [0.6, 0.8], [0.1, 0.3])>, <ys, ([0.3, 0.5], [0.3, 0.5], [0.1, 0.3]), ([0.7, 0.9], [0.8, 0.9], [0.8,
0.9]), ([0.2, 0.4], [0.5, 0.7], [0.2, 0.4])><y,. ([0.2, 0.4], [0.1, 0.3], [0.4, 0.6]), ([0.1, 0.2], [0.5,
0.7], [0.2, 0.4]), ([0.4, 0.6], [0.3, 0.5], [0.3, 0.5])>1.

R(A)= {<y,, ([0.2, 0.4], [0.3, 0.5], [0.2, 0.4]), ([0.2, 0.4], [0.2, 0.4], [0.2, 0.4]), ([0.2, 0.5], [0.4,
0.6], [0.1, 0.4])>, <y,, ([0.1, 0.4], [0.4, 0.7], [0.1, 0.4]), ([0.5, 0.7], [0.5, 0.7], [0.5, 0.7]), ([0.2,
0.5], [0.4, 0.7], [0.1, 0.3])>, <ys, ([0.1, 0.3], [0.3, 0.5], [0.1, 0.3]), ([0.5, 0.9], [0.8, 0.9], [0.2,
0.4]), ([0.3, 0.5], [0.5, 0.7], [0.2, 0.4])><y,, ([0.2, 0.4], [0.1, 0.3], [0.4, 0.6]), ([0.1, 0.3], [0.5,
0.7], [0.1, 0.3]), ([0.4, 0.6], [0.3, 0.5], [0.3, 0.5])>1}.

Then we have

R(A®R(A) = {<y,, ([0.2, 0.86], [0.09, 0.25], [0.04, 0.16]), ([0.24, 0.76], [0.04, 0.16], [0.08,
0.28]), ([0.15, 0.78], [0.16, 0.36], [0.01, 0.16])>, <y,, ([0.1, 0.88], [0.16, 0.49], [0.1, 0.16]),
([0.75, 0.91], [0.25, 0.47], [0.25, 0.497), ([0.28, 0.65], [0.24, 0.56], [0.01, 0.09])>, <y, ([0.37,
0.65], [0.09, 0.25], [0.01, 0.12]), ([0.94, 0.99], [0.64, 0.81], [0.16, 0.36]), ([0.44, 0.07], [0.25,
0.49], [0.04, 0.16])><y,, ([0.36, 0.64], [0.01, 0.09], [0.16, 0.36]), ([0.19, 0.44], [0.25, 0.49],
[0.02, 0.12]), ([0.64, 0.84], [0.09, 0.25], [0.09, 0.25])>}.

Calculation of S(R(A)® R(A))(v1)

—3 G Xa+ (=) + (=)

Where I7, I;, & respectively in (R(A)® R(A)) (y1) and @ = [a~,a*],8 = [B~,B8*]y =
[y~ v*1 = [1,1]

= 2 5([02,0.86] + [0.24,0.76] + [0.15,0.78]) +3 ([0.75,0.91] + [0.84,0.96] +
[0.64,0.84]) 5 ([0.84,0.96] + [0.72,0.92] + [0.84,0.99])}

:é{

[5.22,7.98].

Wl

[0.59,2.40] + g [2.23,2.71] + § [2.40,2.87]}

O |-

Take the average of the lower & upper values of the intervals.

13
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1 ,13.20

S (5) =1 (6.6)=0.7422

Similarly for the others.

Thus, by definition, we obtain the score functions of IVNHF R(A)® R(A) as follows:
S(R(A)® R(A))(y,) = 0.7422

S(R(A)® R(A))(y,) = 0.6872

S(R(A)® R(A))(y3) = 0.7066

S(R(A)® R(A))(y,) = 0.7184

It is clear that the score function S(R(A)® R(A))(y;) = 0.7422. Hence the final decision is
select y1. We can conclude the patients A is suffering from Hepatitis.

6. CONCLUSION

In this paper, we have presented the concept interval- valued neutrosophic hesitant fuzzy rough
sets which are a combination of two powerful topics: interval-valued neutrosophic, hesitant and
rough sets.

We define IVNHF rough approximation operators in term of IVNHF relations. Properties of
upper and lower IVNHF rough approximation operators are also investigated. Finally, we
develop a general framework for dealing with uncertainty decision-making by using the [IVNHF
rough sets over two universes. A medical diagnosis problem is also shown to indicate the
principle steps of the decision methodology. In future, we will mainly focus on investigating
uncertain measures and knowledge reductions of the IVNHF rough sets.
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Abstract

So far various mathematical models have been proposed by the researchers to analyze, explain and
predict different complex dynamics observed in prey-predator interactions in natural ecology. In
classical Lotka-Volterra or Rosenwig-MacArthur type mathematical models it is assumed that the prey
population can grow maximum to environment’s carrying capacity following a logistic type growth.
But the predator’s growth has no such upper bound. Leslie in 1948 first proposed that predator’s
growth, being completely dependent on availability of prey, must not be unbounded. In this view
Leslie and Gower (1960) considered the logistic growth of predator population taking prey density as
the upper bound of the growth of predator population. Another important aspect of any prey-predator
system is the per capita feeding rate of predator depending on prey abundance i.e., functional response.
Two widely used functional responses are Holling Type — II (1959) and Beddington-DeAngelis (1975)
functional response. Holling Type — II functional response relates predator’s Searching and Handling
Time for each captured prey. Along with Searching and Handling Time, Beddington-DeAngelis also
considered the intra specific competition of predator species. However, Crowley and Martin (1989) in
their “preemption” model modified the Beddington-DeAngelis functional response by removing the
assumption that prey handling time and predator’s intra-specific competition time are mutually
exclusive. In this work we have proposed a deterministic mathematical model involving two predator
populations, following Leslie-Gower type growth and Crowley-Martin functional response,
competing for one prey species. We have analyzed the effect of competition on the predator species
and observed that the impact of competition may cause the periodic fluctuations of predator species
observed in nature.

Keywords: Prey-Predator Model, Leslie-Gower, Crowley-Martin, Inter Specific Competition,
Stability Analysis, Hopf Bifurcation.

Mathematics Subject Classification: 34D, 34H, 90A, 92B.
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1 Introduction
So far various mathematical models have been proposed by the researchers to analyze, explain and
predict different complex dynamics observed in prey-predator interactions in natural ecology.In
classical Lotka-Volterra or Rosenwig-MacArthur type mathematical models it is assumed that the
prey population can grow maximum to environment’s carrying capacity following a logistic type
growth. But the predator’s growth has no such upper bound. Leslie[1] in 1948 first proposed that
predator’s growth, being completely dependent on availability of prey, must not be unbounded. In this
view he considered the logistic growth of predator population taking prey density as the upper bound
of the growth of predator population [2].
Let us assume that x(t) be the population density of prey and y(t) be the population density of
predator at any time t. Then the Leslie-Gower type prey-predator model following [2] can be
considered as:
& e (1-3) - fe ),
; (D
Y K1y
E =Yy (Tl )

Here, r is the maximum per capita growth rate of prey population, K is the environment’s carrying
capacity towards prey population, r; represents maximum per capita growth rate of predator, x4
denotes the number of prey required to support one predator at equilibrium. It should be noted that in
(1) it is assumed that the environment’s carrying capacity towards predator depending on prey

population density and represented as T;—x The term f(x,y) is the function that represents predator’s
1

functional response, i.e., the description of a predator’s instantaneous, per capita feeding rate

depending on prey abundance [3]. Different functions have been used by the researchers as the

predator’s functional response in ecological prey-predator systems. Followings are the two most
widely used forms of functional response:

A. Holling Type-1I Functional Response:

It is defined as f(x,y) = la:;cl;, where a; and b, respectively describe the effects of attack rate and
1

handling time per prey [4]. The basic concept of the Holling Type II functional response is that the
average feeding rate of a predator depends exclusively on the time which predator spends for searching
for prey and the time predator takes to process each captured prey item (i.e., handling time).
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B. Beddington - DeAngelis Functional Response:
a,xy
1+bix+c1y

intraspecific competition among the predators [5, 6]. Beddington-DeAngelis functional response
states that if there are two or more predators in a predator population, they will compete with each
other for available prey. Hence their functional response will depend not only on prey allocate time to
handling time, but also on the time required for competing with other predators, Here the prey handling

In this case we consider f(x,y) = , where the parameter ¢, represents the magnitude of the

time and predator’s intra-specific competition time is considered to be mutually exclusive.

Crowley and Martin [7] in 1989 modified the Beddington-DeAngelis functional response by removing
the assumption that prey handling time and predator’s intra-specific competition time are mutually
exclusive. They defined their model as “preemption’ model, considering intra-specific competition
among predators irrespective of whether a particular predator individual is currently handling prey or
searching for prey. The Crowley-Martin functional response is formulated as,

_ a,xy
fay) = tmaresy @)

A significant difference between the functional responses proposed by Crowley—Martin and the
Beddington—DeAngelis, is that the later one predicts that the impact of the feeding rate of the predator
on system dynamics is much less when the prey abundance is high. Whereas, Crowley—Martin
considers that the impact of feeding rate as quite significant even with the prey abundance [8].

Various researchers have used Crowley-Martin functional response to model various
biological phenomena. Zhou & Cui[9], Xu[10], formulated and analyzed global stability of Human
Immunodeficiency Virus (HIV) models, where the rate of infection follows Crowley-Martin functional
response. Kang et al[11], studied a diffusive and delayed virus dynamics model with Crowley-Martin
functional response. Kumari & Mohan[12] proposed and analyzed a tri-trophic food chain model
incorporating Crowley-Martin functional response. Yin et al [13] investigated pattern formation in a
prey-predator system by modifying the Leslie — Gower type functional response with Crowley —
Martin functional response and diffusion. How does the asymptotic behavior of a Leslie-Gower type
predator prey model changes when modified with Crowley-Martin functional response has been
studied by Li [14]. Positivity of the system solutions and qualitative analysis of the Crowley-Martin
prey-predator models have been studied by Zhou [15,16]. The effect of harvesting in a Crowley-Martin
prey — predator system is investigated by Sivasamy et al [17]. Liao et al proposed a phytoplankton-
zooplankton system incorporating the Crowley-Martin functional response and delay. Non-
autonomous stochastic study of a Crowley-Martin type prey-predator model have been performed by
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Zhang et al [18]and Xu [19]. Rana [20] proposed a discrete time Crowley—Martinprey-predator
modeland analyzed the bifurcations and chaos control. A similar type model was investigated by Liu
[21] incorporating two-time delays.

In nature it is often observed that more than one predator is competing for the same prey. For example,
in African Savanna Wildebeests are the preferred prey of lions, hyenas, cheetahs and wild dogs. Both
of Sharks and Dolphins in coasts of Hawaii and North-Eastern Australia feed on a variety of Teleost
fish [22]. In Central Panama, insectivorous birds and insectivorous lizards both feed on arthropod
insect prey [23]. Whenever, in any ecological system, more than one predator species are preferring
one type of prey, it is evident that they will compete with each other over the available prey resource.
Therefore, inter-specific competition will occur among the different predator species. In this study we
propose and study (analytically and numerically) a three dimensional deterministic mathematical
model with the help of nonlinear differential equations to analyze the impact of competition on a prey-
predator system where two predators are competing for one single prey.

2 Mathematical model
In view of the aforementioned biological phenomena, we modify the model system (1)
considering the following assumptions:

Assumption 1: Two predator species y(t) and z(t) compete with each other over one particular prey
x(t).

Assumption 2: In absence of predators, prey population grows logistically with intrinsic growth rate
r and carrying capacity K.

Assumption 3: Both the predators are specialist predators and follows Leslie-Gower type growth (as
specified in (1)) and Crowley-Martin functional response (as defined in (2)) with respective growth
rates 1y and ;.

Assumption 4: Carrying capacity of both the predators depend on the prey abundance and are denoted

by the terms r’:—x and r;—x respectively.
1 2

Assumption 5: The predator populations compete with each other for available common prey
resources. Let, m; and m, are respectively be the effect of competition of z(t) on y(t) and vice versa.

Assumption 6: All the parameters are considered positive.
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Next, we draw the schema diagram based on these assumptions:

Prey (x)

a,xy
(1+byx)(1+c,y)

r
.

a,xz

1 Predator 1 2

(1 4+ byx)(1+cpz,

Predator 2 Tz

(2)

Fig. 1.Schema diagram with respect to the Assumption I to Assumption 6
Finally in accordance to the schema diagram we propose the following deterministic model using
nonlinear ordinary differential equations modifying the model system (1).

dx X axy a,xz
pTRkd Chab-d Rk s s e oy Sl cwrrves ¢ gy
C;—}tlzy(rl—lcjc—y)—mﬁz» if x #0,
%_z(rz—%)—mzyz, if x # 0,

Z—{ = % =0ifx=

Initial Condition:x(0) > 0,y(0) = 0,z(0) = 0.
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3 Analytical results
In this section we derive conditions of positivity and boundedness of the solutions of the model system

3).
3.1 Positivity and boundedness of the solutions

Proposition 3.1 A/l the solutions of the model system (3) are positively invariant and ultimately
bounded in the region T for sufficiently large t where Uis given by:

3 Kry Kr,
I = {(x,y,z) ERI: 0<x(t) <K, 0< y(t) SK—,O < z(t) SK—}
1 2

Proof. First, we show that all the solutions of the system (3) starting with initial conditions (4) are
positive, using a lemma proposed by Nagumo [24].
Lemma 3.1Consider a system X = F(X) where F(X) = [F{(X),F,(X),...,E,(X)], X € R™with
initial condition X(0) = X, € R™.If for X; =0,i=1.2,..,n we get Fi(X)|x,=0 =0, then any
solution of X = F(X) with given initial condition, say, X(t) = X(t; X,) will be positive i.e., X(t) €
RY

From model system (3), one can easily see that % = O,% = O,% =0whenx =y=2z=0.
Hence following Lemma 3.1 we conclude that all solutions of model system (3) is positively invariant

in R3.Again, to establish the boundedness of the solutions of (3) first we state the following lemma
proposed by Chen [25]:

Lemma 3.2If a,b >0 and - < (or 2)X(t)(a — bX(£)) with X(0) >0, then limsup X(t) <

t—oo

%(or liminf X(t) > %) )

t—oco

From the first equation of (3) following Lemma 3.2 and (4) we obtain

dx (1 x)=>l' t) <K 5
E=T % lrtrisogpx <K. (5)
Again, using (5) in light of Lemma 3.2, the second equation of (3) yields

dy K1y ; Kry

a <y (rl — T) = llrtrisgp y(t) < K_l (6)

Finally, from the third equation of (3) and applying (5) & Lemma 3.2 one can easily calculate,

t—oco

dz < ( KZZ) I © < Kr,
- - = —_—
PR imsup z(t) < X

Hence the proposition is proved.
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3.3 Equilibrium points and their existence conditions

Model system (3) has the following four significant equilibrium points.

The predation-free equilibrium is given by E; (K, 0,0) which always exists.

There exists one equilibrium of the formE;, (x,y, 0) where, y = Tkl—f and X is given by the
1

rT1b1Cq

positive root of the cubic equation, A,x3 + A,%% + A% + A4 = 0, where, 4; = >
Kic,
b b
0,4, =242 rrlcl — rnk_lcl Az = r;al —rby — 22 4, = —r < 0. Clearly, there
K1 1 1

always exists at least one feasible E;,.

Another equilibrium exists of the form E;5(%,0, %) where, Z = 2% and % is given by the

K2
.. . . - o - b
positive root of the cubic equation, B;X3 + B,%? + B3X + B, = 0, where, B; = % >
2
0,B, = rbz 4 [T2C2  ITabats By =222 + T _—rb,—22 B, = —r < 0. One can easily

KK, Ky
check that there always exists at least one fea51ble Eis.
The coexistence equilibrium is denoted by E*(x*,y*, z*),
where
v _ (egry—manx™)x™ o (kyrp—mprix™)x”
Y T ke mimax 0 L T g mymax?
Here x* is the positive root of the following equation:
Qax*” + Q7x™ + Qex™ + Qsx™ + Qux*3 + Q3x™ + Qx* + Q1 = 0,
where,
Q1 = P7K1kp > 0,Q; = P7Py + Pgky Ky — a1 Koy — azkq 12K,
Q3 = P;P5 + PgP, + Pok1ky + aym K + a,myn K,
Q4 = P;Pg + PgPs + PoPy + Pyok K3,
Qs = PgPg + PoPs + P1oPy + P11k Ky,
Q¢ = PoPs + P1oPs + P11Py, Q7 = P1oPg + P11P5, Qg = P11Ps <0,

P1 = b1K1K2 + C1Ko1q > 0, P2 = —_mm, — cimqnr; + b1C1K2T1,
P3 = _b1m1m2 - b1C1m1T2 < 0, P4 = b2K1K2 + CrK 11y > 0,
P5 = —mim, — C,My1rq + b2C2K1T2,P6 = _b2m1m2 - szzmzrl < O,

P7=TKK1K2>O,P8=T‘KP1—7"K1K2,P9=TKP2—TP1,
P10=TKP3—TP2,P11=—TP3>O.
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Clearly one positive x* always exists. Associated with positive x* a feasible E* will exist if
the following conditions are satisfied by the system parameters:

. Ko T- KqT; K1K:
A. E1ther,x*>max{“, 1z 12}
mir; Mar mim; 7
(7)
. Ko T KT K1K:
B. Or,0<x*<m1n{21,12, 12}.
myrz Mmpry mim;

Next, we discuss the local stability of the equilibrium points.

Proposition 3.1. The equilibrium E; is always unstable.
Proof. The eigen values of the Jacobian matrix associated with the equilibrium E; are given by: — r <

0,7, > 0,7, > 0. Hence E; is always unstable. This proves the proposition.

Proposition 3.2. The equilibrium E, is locally asymptotically stable if the following conditions hold,
K1 2rx ay

X > ) AN =—+ = ——1 > 0.
myry 7K T A+ 5021+ c1y)
Proof. The characteristic equation of the Jacobian matrix associated with the equilibrium E , is given
by:
(a33 - A)[AZ + Xll + Xz] = 0,
where
X1 = —(a11 + az2), X3 = 11a2 — 12051,
i@y o ax

U1 =T = T Tmeraray’ M2 T T @imnaran? < ¥

K1 P2 myri X
a21 == ;2 > 0,a22 - —7”1 < 0,a33 =T2 —’2(:—11

Following Routh Hurwitz criteria E;, will be locally asymptotically stable if and only if,

a11<03A1>Oanda33<0$E>ﬂ.

ma1y

Hence the proposition is proved.

Proposition 3.3. The equilibrium E 5 is locally asymptotically stable if the following conditions hold,
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11Ky 2rx a,Z

, Ay =—+ — — —
myr, 2T K (14 byR)2(1 4 cyp2)

~

r > 0.

Proof. he characteristic equation of the Jacobian matrix associated with the equilibrium E;, is given
by:

(by —D[A2+Y1+Y,] =0,
where,Y; = —(by1 + b33), Y2 = b11b33 — b13bsy,

2rX a,z a,x

byy=r—-=-- (1+b29?)2(1+czz‘)'b13 =~ Gmnargn: =0
A2 o
bz, = K;A_§ >0,by; =11 — m,lcrzx,b33 =-1,<0.
2

Following Routh Hurwitz criteria E; 3 will be locally asymptotically stable if and only if,
T1K2

b22<0=)A2>Oandb22<0$f>m—.

172
Hence the proposition is proved.

Proposition 3.4. If the equilibrium E* exists following the conditions as specified in (4), then E* is
locally asymptotically stable if the following conditions hold,
Z,>0,Z3>0,2,Z,—7Z3 >0,
where Z4,Z,,Z5 are given in equation (5).
Proof. The characteristic equation of the Jacobian matrix evaluated at E* is calculated to be,
B+ Z A2+ Z,A+ Z3 =0,
where,

Z1 = —(myq + my, +ms3),
Zy = MypMzz — My3Mzy + My M3z — Myz3Mzq + My Myy — MypMyy,
Z3 = MyyMy3Mgy + MypMy Mg + My3MyyMgy — My MyM3s

—MqpMp3M31 — My3My1 M3,

*

2rx ay* a,z*
K (1+b1x*)2(1+c1y*)  (A+byx*)2(1+cpz*)’

my =71 —
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Moo = ax* - ax*
127 @4byx) (At y9)2’ 13 T (14byx*)(1+cy2%)?
Kyt _ . 2Ky * _ *
My =2 M2 =T pon miz ,mzz = —myy,
*2 *
__ Kz _ * _ 2K,Z *
M3y = 2 M3z = —MaZ ,M33 =T ——— —Mpy .

Hence, the theorem is proved following Routh-Hurwitz Criteria.
4 Numerical simulations

To perform numerical simulations, we have used the following parameter values:
Parameter Set —I: r=03,K=40,a, =04,b; =0.07,c, = 0.25,a, = 0.4,b, = 0.07,
¢, = 0.25,14 = 0.02,k; = 0.04,1, = 0.02,k, = 0.04.

We wish to observe the effects of interspecific competition. For that we consider the following three
cases.

Case — 4.1. When both the predators are equal competitors, i.e., the rates of interspecific
competitions are same, i.e., My = M.

When m; = m, = 0, i.e., there is no competition, then E*exists in a stable mode satisfying
the stability conditions as specified in Proposition 3.4. In this case, Z; = 0.23441 > 0,Z; =
13.8721 > 0,Z,Z, — Z3 = 2.5641 > 0. Therefore, all trajectories converge to E*. This scenario
shows that in absence of inter specific competitions, all the species coexist in a stable manner. This

case has been depicted in Fig. 2. m, =m,=0

1 ‘» ‘
\ 1 [
1 1
\ l \
| i \
| g M |
» ‘ 06 { Noan {
| o4 1 X .-w“_—:l

‘ |
4 , i .; }
IO - |
l 11 { } {

) Tl‘m‘c - . 1""-;“, ) Thv\'l

Fig. 2.Time evolution of system (3) when m; = m, = 0. Other parameters are as in
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Parameter Set — 1.
Next, we consider inter specific competition at a low rate, i.e., m; = m, = 0.01 keeping all other
parameters fixed at Parameter Set — I. This case actually describes the scenario, when both the
predators compete with each other, but in a low intensity. We observe that for this low intensity inter
specific competition, all the populations coexist and system converges to a stable E*. This scenario

has been described in Fig. 3. For these parameter values we have calculated Z; = 3.6723 > 0,Z3 =
59822 > 0,Z,Z, —Z3 = 0.7754 > 0.

m,=m, = 0.01

1

Tine Time Time

Fig. 3.Time evolution of system (3) when my = m, = 0.01. Other parameters are as in Parameter
Set — 1.

As the rate of interspecific competition is increased further, we see that the system becomes unstable.
For example, when we take m; = m, = 0.02, E* exists but becomes unstable through a Hopf
Bifurcation in backward direction. Therefore, with increasing competition, the coexistence of all the
species becomes unstable. This situation has been shown in Fig. 4. Here we have calculated, Z; =
0.6673 > 0,Z3 = 2.7323 > 0,Z,Z, — Z3 = —3.1193 < 0.

m =m,= 0.02

|

o e ———— ] al — — —— ol ~ - J
0 0 w0 150 20 S0 1006 190K 200 0 S0 w0 1500 A
Time Time Time

Fig. 4.Time evolution of system (2) when my = my, = 0.02. Other parameters are as in
Parameter Set — 1.
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Finally, when the intensity of the interspecific competition is increased further to m; = m, = 0.05,
the system again becomes stable through a forward Hopf Bifurcation and all populations coexist in a
stable state. In fact, in this case E* exists and stable. This scenario has been depicted in Fig. 5.For
these parameter values one can calculate, Z; = 0.8845>0,Z3 =7.1826 > 0,Z,Z, — Z3 =
1.3286 > 0.Thus, we assert that, when both the predators are equal competitors, then all the
populations will coexist. However, for low or high competition, the coexistence is stable. But for
moderate level of interspecific competition, the populations will coexist in an unstable state.

Case — 4.2. When z — predator is a better competitor than the y — predator, i.e., when m{; > m,.

To analyze this case we consider, m; = 0.07 and m, = 0.05. We see that, when the z — predator is
much more effective than the y —predator, then due to higher competition y —predator species dies
out and system converges to unstable E; 3, i.e., only the x —prey and z —predator exist in an unstable
state. This case has been shown in Fig. 6.

|

1000 W0 200 0 S0 WO 19 200 ) 3
Time Time Time

Fig. 5. Time evolution of system (2) when my = m, = 0.05. Other parameters are as in
Parameter Set — 1.

Case — 4.3. When y — predator is a better competitor than the z — predator, i.e., when m, > m;.

To analyze this case we consider, m, = 0.07 and m; = 0.05. In this case the y — predator is
considered to be more effective competitor than the z —predator. Eventually, the y — predator puts
more pressure on z — predator and after sufficiently large time, as a result of higher competition,
thez —predator species goes to extinction. Hence the system converges to unstable E;, i.e., only the
x —prey and y —predator exist in an unstable state. This case has been shown in Fig. 7.
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m, =0.07, m, =0.05

20 1 0.5
" 045
W 04
" 035
1.2 03
»® 10 > 025
] ‘ 0.2
L 015
4 0.3
2 005
o 4
0 500 1000 1500 2000 0 200 400 &00 SN 00X o 800 000 1500 2000
Time Tieno Time

Fig. 6.Time evolution of system (2) when my = 0.07, m, = 0.05. Other parameters are as in
Parameter Set — 1.

m, = 0.05; m, = 0.07

20 2

0.5

]
! 045
0.4
0.35

o3

*x 10 ‘ i | | N 028
[
8 | 0.2
[ 015}
4 01
2 0.05 |
Q o*t
o 500 1000 1500 2000 o 500 1000 1500 2000 0 200 200 600 BOO 1000
Time Time Time

Fig. 7.Time evolution of system (2) when m, = 0.07, my = 0.05. Other parameters are as in
Parameter Set — 1.

Hence, we obtain that unequal competition will lead to extinction of one of the competing

predators. In long run, the better competitor will get advantage and will persist. Whereas, the weaker
competitor will perish.
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5. Conclusion

In this work a three dimensional deterministic model involving two competing predator species
fighting for one prey species has been studied to analyze the impact of competition on the system
dynamics. It has been assumed that prey population grows logistically. Whereas, the predator
population grows following Leslie-Gower growth and follows Crowley-Martin functional response.
It has been observed that in absence of any inter-specific competition between the predator species all
population can coexist in a stable mode with stable E*. In presence of low and equal rate of inter-
specific competition between the predator species all population can coexist in a stable mode with
stable E*. But as the rate of competition increases in equal proportion the system undergoes a
backward Hopf Bifurcation and becomes unstable. In this case all population coexist in an unstable
mode with unstable E*. However, with further increase of the rate of competition in equal proportion
the system again undergoes a forward Hopf Bifurcation and becomes stable again. At this point all
population coexist in a stable mode with stable E*. Now, keeping the effect of competition of z —
predator species on y predator species (1m,) at the stable level if we increase the effect of competition
of y — predator species on z — predator species (m,), then due to higher competition z — predator
goes to extinction and system converges to unstable E;, equilibrium. Similarly, keeping the effect of
competition of y —predator species on z — predator species (m,) at the stable level if we increase the
effect of competition of z — predator species on y — predator species (m,), then due to higher
competition y —predator goes to extinction and system converges to unstable E;zequilibrium. Hence,
we assert that equal impact of inter specific competition has both stabilizing and destabilizing effect.
Variation of the equal rate of inter specific competition may be the reason for periodic fluctuations
observed in prey-predator ecosystems in nature. However, unequal interspecific competition has a
destabilizing effect on the system and may eliminate an otherwise stable coexistence equilibrium by
causing extinction of the predator species with lower impact of competition on its counterpart. In this
case system finally converges to an unstable E;, or E;3 equilibrium.
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Abstract

An attempt has been made to represent a triangle by a transformation which has been defined as a

transformation of linear form. Let (X, y) € RZ. Then a transformation of linear form denoted by E is
defined by

E (X, y)=(ax+by +c;, cx+dy +c¢,)
where a, b, ¢, d, c1, ¢; are real numbers.
Consider a triangle 4BC with vertices A(a, 1), B(a,, b,) and C(ag, by). It has been shown that by
suitable values of a,b, ¢, d, ¢, C,.

E(a, ) = (a,,by), E(ay,b,) = (a3, by) and E (a3, b;) = (8, b)).

Keywords: Triangle, transformation of linear form.

I. Introduction

In this paper, ideas of geometry and functional analysis have been combined. From
books of functional analysis we are familiar with ideas of linear transformation given in
references such as [1], [2], [3] and [4]. We have generalised idea of linear transformation and

called it transformation of linear form.
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I1. Definition

Let (X,Yy) €R2. Then a transformation of linear form, denoted by E is a

transformation on R? defined by

E(X,y) =(ax+by+ ¢, cx+dy+c,)
where a, b, c, d, ¢, C, are real numbers.

When C =Cy= 0, then E is a linear transformation.

ITI. Main Results
Theorem 1. For given numbers m and n,

E2 (X, y):((an—m)x+bny+(a+1)cl+bc2,cnx+(n2—an—m)y+cc1+(d +1)c,

and

( )

E3 (x, y)= :K(a(an—m)+bcn)x+(abn+b(n2—an—m))) y+a(a+1)c +abc,
+bce; +b(d +1) ¢, + cl,(c(an —m)+ dcn) X

+(cbn+d(n2anm))y+ccl(a+1)+bcc2+cc1d +d(d+1)c,+c,),

where n = a+d and m = ad-bc.

Proof: Let a+d =nand ad —bc=m.
Then, d =n—a.
Hence, ad —bc=m = a(n-a)—bc=m
=aZ+bc=an-m
=bc=an—-m-a?

Then, bc+d2=an-m-a2+((n-a)2=n2—an—m.

33



Journal Tri. Math. Soc. V27 (2025)

Let A=a?+bc=an—-m,B=b(a+d)=bn
C=c(a+d)=cn,D=bc+d2=n2—an—m.

Then,
E2(x,y)=E (E(x, y)) = E (ax + by +c;, cx + dy + )

=(a(ax+by+c1)+b(cx+dy+c2)+c1,c(ax+by+c1)+d(cx+dy+c2)+c2)
=((a2+bc)x+b(a+d)y+(a+1)cl+bc2,c(a+d)x+(bc+d2)y+ccl+(d +l)c2)
:((an—m)x+bny+(a+1)c1+b02,cnx+(n2—an—m)y+ccl+(d +1)c2)

Hence,
E3 (x y) = E(E% (x,y)|

:E((an—m)x+bny+(a+1)cl+b02,cnx+(n2—an—m)y+ccl+(d +1)02)
= ((a((an—m)x+bny+(a+1)cl+bc2)+b(cnx+(n2—an—m)y+cc1

+(d +1)c2)+c1,c((an—m)x+bny+(a+1)c1+bc2)
+d(cnx+(n2—an—m)y+ccl+(d +1)c2)+c2)
:((a(an—m)+bcn)x+(abn+b(n2 —an—m))) y+a(a+1)c +abc,
+bce +b(d +Dc, + cl,(c(an —m)+ dcn) X
+(cbn+d(n2—an—m))y+ccl(a+1)+bccz+ccld +d (d+1)c, +c,
:(A’x+ B’y +¢3,C'x + D’y+c4),say
Then,

A’'=a(an—m)+bcn=(a? +bc)n—am

=(an—m)n—am=an? —mn—am.
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B'=abn+b(n?2—an—-m)=b(n?-m) .
C'=c(an—-m)+cdn=cn(a+d)—cm=cn? —cm=c(n?2 —m).
D’=cbn+d (n2 —an—m)=dn? —n(ad —bc) — md
=(h—a)n?—mn-m(n—a)
=n3—an? - 2mn+am.
c;=a(@a+1)c +abc, +bce +b(d+1)c, +¢
=c (@2 +a+bc+1)+c,(ab+b(d+1))
=c (@® +bc+a+1)+cb(a+d+1)
=g @ -m+a+l)+cb(n+1).
and
¢, =c¢(a+1) +bcc, +cgd +d(d +1)c, +¢,
=cg(a+d+1)+c, (bc+d? +d +1)
=cg(n+1)+cy (N —an—m+n—a+l).
So, we have calculated both E2 (x, y)and E3 (x, y).
Theorem 2. If E(aj, b)) =(a,,b,), E(a,, by) = (a3, by)and
E(a3, b3) = (al, bl)' then E3 =1, identity transformation.

Proof: We have
E2(ay, by) = E(E(ay, by)) = E(ay, by) = (ag, b).

Hence,
% (ay, by) = E (E2(ay, ) = (2, by) = (3, y).

Thus,
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B3 (ay, by) = (2, by).

Also,
E (a,, b)) =E (E2(a2, b2))= E (E(E(az, bz))): E (E(ag, b))
= E(a, by) = (a5, by).
Thus,
E3 (a,,b,) = (ay, b,).
Also,

E® (ag, bg) = E2 (E(ag, b)) = E2 (a1, by) = (35, by)
Hence, we investigate transformations £ such that
E3 =1 , identity transformation.
Theorem 3. Show that E3 = | holds if m=1and n= 1.
Proof: Let E3 = |.Then
E3 (x, y) =1 (x, y)=(x, y)for (x, y) eR2,

Now by theorem 1,
(A'x+B'y + c3, C'x+ D'y + Cq)=(XY)

= A'=1,B'=0,c,=0,C'=0,D'=1,¢, =0.
Now, B'=b(n2-m)=0

If b =0, it is clearly satisfied.

If b0, thenlet N2 —m=0=>n2=m.
Also, C'=c(n2 —m)=0.

If ¢ =0, it is clearly satisfied.
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If ¢ # 0, then since N2 —m=0, it is satisfied.

So, let n? = m, so that B'=C’ =0.

A=l=anh?-m)-mn=1 = —mn=1

= mn=-1.

= n?n=-1 =n3=-1

= n=-1.

Hence, m=n2 =1.

Then, D' =n3 —an? — 2mn + am
=-1l-a+2+a=1.

Also, c3=c¢(-a-1+a+1)+bc,(-1+1)=0.
Cy=cq(-1+Dh+c,(d+a-1-1-a+1) =0.

So, if m=1,n —1, then E3 = | holds.

Theorem-4
A(a, /’l )

B(ay, by) C (a3, by)

Figure 1
In triangle ABC as shown in Figure 1 and E as described earlier, if
ayhy — a5l =1, 8b; — a3, =, aby —aybg =t

and r + s+t=Kk =0, then
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_ &by —by) +ay(b, —b3) +az(b; —y)
a k

be | A —3) +3,(@, ~a5) +33(a3— 3
- .

Proof: We have E(a;, b)) = (a,,b,), E(a,y,b,) = (a3, b3) and E(az,b3) = (a, b))

a

and

Comparing 1° coordinates of both sides, we have

a, =ag; +bb +¢ .. (1)
a; =aa, +bb, +¢ ..(2)
a; = aaz +bbs +¢; ..(%3)

Subtracting (1) from (2), (2) from (3), we have
a3 —a,=a(a, —)+b(b, —b))
8 —az=a(ag —ag) +b(by —by).

or
a(ay—a,)+b( -b))+az;—-a,=0
Let, & -ay=h, ay—ag=m,a;—a=n
and b, —b, =1, b2—b3=m1',b3—bl=n1'.
Then,
all+bll’—ml=0
aml+bml'—n1=0.
Solving for a and b,

a __ b |
mym—hny gy —mg ok —hm
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Now,
hmy —limy = (8 —ay) (b —bg) — (b —Dy) (8 —23)
= )by —2yhy — Ay, + apbs — (a5l —aghy —a,b, +agh,)
=ayby —ayhs + ahs — Ay +aghy —agh,
= )by — 3y +a,b3 —agh, +azh —aby
=r+s+t=k=0.

Also,
mymy —lin = (8, —ag) (b, —bg) —(by —by) (a3 —ay)
= 8h, — a3 + aghs —(aghy —ayby —agh, +ab,)
= 8hy —a5l3 —agh, +aghs —aghy +ayby —ayb,
=8y (P —D0y) +a5(by —D3) +a3(b3 —by).

Hence,

_ (b —by)+ay(b, —by) +ag(b; —by)

a K

Also,
hny —mf = (3 ~a,) (83— ay) — (8, —ag)?
= g8y — af —ay8; + a3, — (a5 + a§ —2ayay)
=33 —af + 3,3 + &y, —aj —a
== [31(31 —ay) ta(a &) + (a3 - a1)J
Hence,

be | BB —3)+ az(azk_ ) +ag(a3—-23) |
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Theorem 5. In the triangle ABC as given in Figure 1, show that ¢ and d are given by
o= Pu(0y —by) +y (b, —D3) +by(b; — by)
B k
g | @ —3)+by(a, —35) +by(8;—3y)
” .

and

Proof: We have,
E(a, b)) =(ay,b,), E(ay, by) = (a3, by)and E(ag, bg) = (a;, b))

Comparing second coordinates on both sides,

ca +db +c, =b, .. (1)
ca, +db, + ¢, =y ..(2)
cag +dby +c, =by ..(%3)

Subtracting (1) from (2) and (2) from (3), we have
by —b,=c(a, —a;) +d(b, —b))
b —by=c(ag —a,) +d(by —by).

This is equivalent to
c(a —ay)+d(b —by)+by—b,=0
c(a, —ag) +d(by —bg) +by —by =0.

Le.

cly +dlf —m; =0
cmy +dm; —n; =0.

Solving for ¢ and d,
c _ d _ 1
m2 — Iy hnp—mymy o my—lm,
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As in previous theorem,

Now
m;% —lin] = (b, ~bg)* — (b ~by) (by ~ by)
= b3 +bf —2b,b; — (bybs ~bf —byby +bjby)
=b3 +bf —byby —byb; +bf ~bjb
=Dy (b —by) +Db, (by —bg) +by(b3—Dy).
Hence,
oo 0 —by) + bz(bzk_ by) + b33 —by)
Also,
hnp —mmy = (a; —ap) (by —by) —(a; —a3) (b, —by)
= )by — by —a,bg + aphy —(ayby —ayhs —agh, +aghs)
= )by — by + &by —ayh, +agh, —aghy
= [ by(ay ~2y) +by(3, ~2g) + by(ag ~2y) |.
Hence,
d—_ by (8y —ay) + b?_(azk_ 33) +b5(a5 -3 |

Theorem 6. Let r-+s+¢ = k=0, then the values of ¢, ¢, are given by

_a1r+azs+a3t . _blr+b23+b3t
a k r2 T k

Proof: From relation (1) in Theorem 4

¢ =a, —aa; —bb

_ [ag(by —by) +ay(b, —by) +a3(b; —b)]  [&(8 —ay) +ay(ay —a3) +a3(a3 — )]
=89 Kk +by Kk
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_ kay —af(by —by) —ayay(b, —by) ~aag(by —by) + 3y (3 —3y) + by (2, —ag) + agh (33— ay)
k

The numerator is equal to

=8, (ayb, — ab; +a,b; —agh, +aghy —ajby) —af (b —b,) - aya, (b, ~by) —aay(by ~by)
+ gy (& —ap)+ &by (8 —a3) + Aty (a3 — &)

= a,ayb, — ajhy + ajhy — a,agh, + ayagh; —aarhs —afh; +arh, —aasb,

+ ayayby — aaghy + ajaghy + afty —ajab; +afhy —ajagh; +agh —aagh

= a5hy —a,agb, + afh, —ajaghy —aab; +agh

= afb, — aya,b; +agbs —ayah, +agh, —ajaghs

= 8y(ab, — ahy) +a,(ab3 —agby) + a3(aghy —aybs)

=g +a,s+agt.

Hence,

alr + a23+ a3t
- k

From relation (1) in theorem 5,

C, =b, —cay —db;
[b1(b1 — by) + by(b, — bs) + bz(bs — bq)]

= b, - X
[b1(a; — az) + by(a; — az) + bz(az — ay)]
k
b,k — a;by(by — by) — ayb;(b, — b3) — ajbz(b; — by)
+ bi(ay — ay) + biby(a, — a3) + bibs(az — ay)

k

+ by

Now Numerator is equal to

= by (&b, —ayhy +ajh; —agh, +agh —ajby) —ab (b —by) —ayb, (b, —b;)
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—ayby(by —by)+bf'(a —a,) + byby(a, —a3) + byby(ag —ay)

= aybg — a,bib, + aybyby —ajbs + aghb, —ajbyby —ajb? +abib, — b3
+ ayb,hy — aybg + &by by + abf” —a b +abib, —agbib, +aghiby —abby
= a,0,0; —agh3 + aybyb, —abf —a,bf" +aghiy

= aybib, — 2 bf" + ajbyby —abs +aghby —abg

=Dy (agh, —a50;) + by (abs —a3h,) +bs(aghy —aybs)

Hence,

:blr+bzs+b3t
k

Theorem 7. Let r+s+¢ =k = 0 in a triangle ABC as shown in Figure 1, the show that
a+d=-1and ad—bc = 1.

Cy

Proof:
From theorems (4) and (5),

g g lalb—by)+ay(b, —by) + 8505 —by) —I0y(3y —3p) — by (@, —a) —by(a5 —3y)

k
_ by —agby +3,0, — a0 + aghy —aghy —ayby +ayby —a,b, +a3h, —aghs +abs
k
_ — &b, —aphs —aghy +ahy +agh, + 3y
k

_ —(aghy —35ly) — (3phs —a5hy) —(aghy —aby)  —r—s-t_ g _

B k B k ko
Also,
ad _ be = 1B —Bp) +a5(B; —b3) +35(0; —by)][y () —8y) +D,(3; —83) +b5(85 — 3y)]

- %
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[a (8 —8;) +3,(8; —83) +a3(33 — )] [1y (B —10y) + by (0, —Dg) + 55 —10y)]
k2
Hence numerator, after putting a; —a, =1, —b, =1 etc. and noting that
hmy —kmy =myn; —mny =nylf —ngly =k

Numerator is equal to

= (aly +a,m; +agzn) (bl +b,my +bany) — (gl +a,m; +asn)) (byly +b,m; +bany)
which is after simplification,
= (8gby —aphy) My + @by — &y, Ijmy + (apbs —agby) mny
+(83by —a5l3) My + (aghy — ays) limy + (aybg —aghy) hny

— ’ ’ ’ ! ’ ’
=r (hm —lm) +s (mn; —mn) +t(nly —kn))

+

=rk+sk+tk=(r+s+t)k=k2.

k2
Hence ad —bc == =1.
k2
References:
1. Dunford, N. and Schwartz. J. : Linear operators, Part [; Interscience Publishers, Inc.,
New York, 1967.
2. Edwards, R.E. : Functional Analysis; Holt, Reinhart and Winston, Inc., New York,
1965.
3. Lusternik, L.A. and Sobolev, V.J. : Elements of Functional Analysis : (Hindustan

Publishing Corporation), India, 1961.
4. Taylor, A.E. : Introduction to Functional Analysis : Wiley, New York, 1958.

44



Journal Tri. Math. Soc. V27 (2025)

A Note on Two Person Zero-sum Game in Neutrosophic Environment

Abhishek Chakraborty!, Sumanta Chakrabarti? and Runu Dhar®"

!Department of Mathematics, Maharaja Bir Bikram University, Agartala-799004, Tripura, India.
ZRegistrar, Maharaja Bir Bikram University, Agartala-799004, Tripura, India.
3Department of Mathematics, Maharaja Bir Bikram University, Agartala-799004, Tripura, India.
E-mail: abcy3008@gmail.com,?imsumanta@gmail.com, *runu.dhar@gmail.com
*Corresponding author: Runu Dhar (runu.dhar@gmail.com).

Abstract: In this paper, we discuss two-person zero-sum game in neutrosophic environment. We wish
to define it in neutrosophic environment. Some basic properties and results of the newly defined game
are to be investigated in neutrosophic environment. Our purpose is also to establish some theorems.
Some numerical examples of game problems in neutrosophic environment are to be discussed.
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1. Introduction:

Game theory is a mathematical modeling technique used for decision making problems due to
conflict or cooperation of two or more decision makers with each other. Each decision maker performs
in order to outsmart the others. The wide application of game theory [14] is found in social policy and
international and national policies, management etc. Krishnaveni and Ganesan [12] investigated the
solution of two person zero sum fuzzy games and established effective and efficient tools for solving
such game problems. Peski [15] referred necessary and sufficient conditions for zero-sum games.
Players can exactly know all data in the traditional game problems. But in real-life situations, some
games are found where players are not able to evaluate exactly some data due to inaccuracy of
information and vague comprehension of situations by players. Berg and Engel [6] and Takahashi [22]
introduced some techniques for finding the equilibrium strategies of these games.

To deal with real-life problems due to uncertainty, Zadeh [25] introduced the notion of fuzzy sets
associating with membership values. It provides a natural way of dealing with game theory and other
real-life problems in which the source of imprecision and vagueness occur. Atanassov [1]
incorporated the concept of intuitionistic fuzzy sets concerning non-membership values of
members including membership values and it plays an important role to deal with game theory
as well as other real-life problems due to uncertainty. Thereafter, Smarandache [20, 21]
recommended for membership, non-membership and indeterministic values and invented
neutrosophic set which can be applied successfully to tackle decision making and game theory
problems. Dubois and Prade [10] referred the use of algebraic operations on real numbers to fuzzy
numbers. Bellman and Zadeh [5] focused on understanding the decision-making processes of
participants in these scenarios. Selvakumari and Lavanya [17] and Thirucheran et al. [24] accelerated
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fuzzy game. Campos [7] studied fuzzy linear programming models to solve fuzzy matrix games.
Sakawa and Nishizaki [16] used max-min principle of game theory under fuzzy environment. Bector
et al. [3, 4] further studied on two-person zero-sum matrix game with the concept of linear
programming models. Li and Hong [13] proposed an approach for solving constrained matrix games
with triangular fuzzy numbers. Chen and Larboni [8] referred matrix game with triangular membership
function. Sharma et al. [19] studied fuzzy linear programming models for the solution of two-person
zero-sum game with triangular fuzzy number. Bandyopadhyay et al. [2] studied matrix game with
triangular intuitionistic fuzzy numbers. Seikh et al. [ 18] talked on matrix games in intuitionistic fuzzy
environment. Das and Chakraborty [9] talked about trapezoidal neutrosophic linear programming
problems.

The outlay of the paper is organized as follows: In section 2, basic concepts and results which are
relevant for the investigation are procured. In section 3, two-person zero-sum game in neutrosophic
environment is defined. Section 4 focuses on two-person zero-sum game in crisp environment. We
formulate and comment about reasonable solutions of the same concept for neutrosophic environment
in section 5 and section 6 respectively. We discuss two numerical examples of two-person zero-sum
game in neutrosophic environment in section 7. Finally, some concluding remarks are reported in
section 8.

2. Preliminaries:
In this section, some known results and definitions would be procured for ready reference.

Definition 2.1. [14] Matrix game theory gives a scope to a player to determine the opponents’ possible
courses along his own courses of action in order to win the game. If a game involves only two players,
namely, players I and 11, then it is called two-person game. The game involving more than two players
is referred to as n-person game. We consider player I is maximizing player who always aims to make
maximum gain and player Il is minimizing player who always tries to minimize his loss. A game of
two players is termed a two-person zero-sum game, if losses of one is equivalent to the gains of other
so that total sum is zero.

Definition 2.2. [14] The strategy for a player is a set of rules that will specify which of the available
courses of action will be chosen at each play. There are two types of strategy- Pure strategy and Mixed
strategy.

0] Pure strategy is a decision-making rule in which a player will select a particular course of
action.

(i) Mixed strategy refers a rule in which a player decides, in advance to choose his course of
action with some definite probabilities. In mixed strategies, a player is always kept
guessing about the opponents choice. More specially, mixed strategy is a selection of pure
strategy with some probability.
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Definition 2.3. [14] The payoffs in terms of gains or losses, when players select their courses of
action, can be represented in the form of a matrix, called the payoff matrix. Let the player | has m
pure strategies A;, A4,,....... A, and the player Il has n pure strategies By, B,,....... ,Bn. Let a;;
denotes the payoff to the player I, when player | chooses a pure strategy A; and player Il chooses
a pure strategy Bj;. Then the payoff matrix to the player I can be represented as an m X n matrix
as

a11 Q12" Qqn
a21 a22 ew aZn
An1Qmz -  Amn

The payoff matrix for the player 1l can simply be constructed by replacing a;; by —a;;. In this
report, we have considered twoperson matrix games in which elements of payoff are imprecise in
nature rather than exact numbers.

Definition 2.4. [14] The game problem is viewed in such a manner that each player is interested
in determining his optimal strategies which guarantees a payoff that can never be worsened by the
choice of his opponent. It is referred to as maximin-minimax principle.

Definition 2.5. [14] For maximizing player, minimum value in each row represents the least pay-
off to him if he chooses this particular strategy. He then selects the strategy which provides largest
gain among row minimum values. Such choice is called maximin principle and corresponding
gain is called the maximin value of the game.

Definition 2.6. [14] For minimizing player, maximum value in each column represents the
maximum loss to him if he chooses this particular strategy. He then selects the strategy that gives
minimum loss among the column maximum values. Such choice is called minimax principle and
corresponding loss is called the minmax value of the game.

Definition 2.7. [14] A saddle point of a payoff matrix is that position in the payoff matrix where
maximin value coincides with minimax value. Thus, in pay-off matrix (ajj)mxsthe (p, g)-th
position will be called a saddle point if and only if a,,, = max{mina;;} = min{maxa;;}.

The payoff at the saddle point is known as value of the game and the corresponding strategies are
called optimal strategies.

Definition 2.8. [25] Let X be a universal set. A fuzzy set A in X is characterized by a membership
function g, which associates each point x in X with a real number in [0, 1], wherep,(x) at x
representing the “grade of membership” of X in A.
Let X be a universal set. A Fuzzy set A in X is a set of order pair as defined below:

A={(x, pua(x)): x € X}

where
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Ua: X= [0,1] and p, (x) is the degree of belongingness of x in A.

Definition 2.9. [1] An intuitionistic fuzzy set A in a non-empty set X is A = {(x, pa(x), va(x) : x
€ X}, where pa(x), va(x) : X — [0, 1] provide respectively, the degree of membership and non -
membership of x to the set A, a subset of X and 0 < pa(x) + va(x) < 1 for each x. Further, we have
ma(x) =1 — pa( x) — va(x) called the intuitionistic fuzzy set index or hesitation margin of x in A.
ma(x) is the degree of indeterminacy of x € X to the IFS A and ma(x) € [0, 1]i.e., m : X — [0, 1]
and 0 < ma(x) < 1 for every x € X. ma(x) expresses the lack of knowledge of whether x belongs
to IFS A or not.

Remark 2.10. If ta(x) =0 V x € A, then the intuitionistic fuzzy set reduces to fuzzy set i.e. every
fuzzy set is an intuitionisitic fuzzy set but converse may not be true.

Example 2.11. A real-life example of Intuitionistic Fuzzy Sets (IFS) is evaluating "Has Disease"
of a patient. Let us consider “Patients with symptoms” be the universe of discourse. The doctor
has found that particular patient ‘P” having IFS elements be (0.7, 0.2, 0.1) for a disease, meaning
70% chance of having it, 20% chance of not and 10% uncertainty due to unclear signs.

Definition 2.12. [20] A neutrosophic set N in an universal set U is a set containing the triplet,
namely, truthness, falseness and indeterminacy membership values taken from [0, 1]. These can
be characterized independently and denoted by 7, Fi, Inrespectively. We denote it as below:
N = {(x, Tn(X), Fn(X), In(X)) : xeU and Tn(x), Fn(X), In(X)e [0,1]} whereO <Tn(X) + Fn(X) +
In(x) < 3.

Example 2.13. A soccer club wants to hire the best new player from a set of candidates. The
manager evaluates each candidate based on several criteria (e.g., speed, age, height, experience).
In traditional set theory, a player is either "fast" (1) or "not fast" (0). In fuzzy logic, a player might
be fast with membership value 0.8 (a degree of truthness).

A neutrosophic set, however, accounts for incomplete, inconsistent, or indeterminate information
by assigning three independent membership values to each criterion for a given player as given
below:
o  Truth membership (T): The degree to which the player meets the criterion (e.g., is a
good player).
e Indeterminacy membership (I): The degree to which the information is vague,
unknown, or uncertain (e.g., the manager is unsure about the goodness of a new player).
o Falsity membership (F): The degree to which the player does not meet the criterion.
For a specific player 4, the manager might assign a neutrosophic triplet like this:
“Player A4 is a good player = (0.7, 0.1, 0.4)”. It indicates the following:
e The coach is 70% sure the player is good (T = 0.7).
e The coach has a 10% doubt or indeterminacy (I=0.1).
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e The coach has a 40% belief that the player is not good (F = 0.4).

3. Two-person zero-sum neutrosophic game:

Definition 3.1. A two-person zero-sum fuzzy game extends classic game theory by incorporating
fuzzy logic, where payoffs aren't precise numbers but fuzzy sets (like triangular fuzzy numbers) to
handle real-world uncertainty, while still maintaining the zero-sum rule (Player I's gain equals Player
II's loss). It models situations where outcomes are vague, using fuzzy numbers for payoffs and solving
techniques that handle uncertainty, unlike crisp games with exact values.

Example 3.2. Let us consider that there are two companies. We referrer these two companies as Player
A and Player B. Suppose that these two companies have decided to launch a new product in the market
for business. It is assumed that success of the business depends on ‘market condition’. Here the
‘market condition’ is a fuzzy concept. Let us consider that there are two strategies, namely, (a)
Aggressive Marketing and (b) Conservative Marketing, are available for both the players. Instead of
fixed profits, payoffs are fuzzy as described below:

0] A (Aggressive) vs. B (Aggressive) : "Moderate Profit"

(i) A (Aggressive) vs. B (Conservative) : "High Profit".

(ili) A (Conservative) vs. B (Aggressive): "Low Profit".

(iv) A (Conservative) vs. B (Conservative): "Medium Profit".

Example 3.3. A two-person zero-sum intuitionistic fuzzy game extends classic zero-sum games
(where one player's gain is the other's loss) by allowing payoff values to be intuitionistic fuzzy
numbers, representing vagueness with membership (belief) and non-membership (disbelief) degrees,
capturing uncertainty better than crisp numbers or standard fuzzy numbers.

Example 3.4. Real-life examples of intuitionistic fuzzy (IF) game problems involve complex decision-
making where outcomes aren't just 'yes/no' but include 'may be' (hesitation). like market share battles
between companies (satisfaction vs. rejection vs. abstention), Let us consider that there are two real
estate companies competing for market share. We referrer these two companies as Player A and Player
B. Suppose that these two companies have decided to launch a new product in the market for market
share. Payoffs aren't exact numbers but IF numbers. We consider Player A's payoff (Satisfaction: 0.7,
Rejection: 0.1, Hesitation: 0.2) reflects 70% satisfied customers, 10% opposed and 20%
abstaining/undecided. We also consider Player B's payoff (Satisfaction: 0.6, Rejection: 0.2, Hesitation:
0.2) reflects 60% satisfied customers, 20% opposed and 20% abstaining/undecided. This captures
market uncertainty better than crisp numbers.

Definition 3.5. A two-person zero-sum game in neutrosophic environment extends the classic game
by representing payoffs as neutrosophic members, where players express not just the degree of
membership (likelihood of a payoff) but also the degree of non-membership as well as degree of
hesitation, keeping view in mind that the membership function, non-membership function and
hesitation function are independent to each other and their sum is less than or equal to 3. It allows for
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better modeling of real-world vagueness where payoffs aren't precise, leading to solution methods
using ranking functions and possibility/credibility measures for neutrosophic sets.

Example 3.6. Real-life examples of neutrosophic fuzzy game problems involve complex decision-
making with uncertainty. International Conflict Resolution is a real-life example of neutrosophic game
problem. Political negotiations between two conflicting countries, such as the Israel-Palestine issue,
involve significant ambiguity in intentions, promises and potential outcomes. Neutrosophic game
theory can model the degrees of cooperation, non-cooperation, and the inherent ambiguity
(indeterminacy) in the actions and speeches made by these two countries.

4. Two-person zero-sum game in crisp environment:

We consider a payoff matrix A= (a; ), (i=1,2,...,p;j=1,2,...,q) of real numbers for such
games. If player I chooses to play row i and player II chooses to play column j, then the payoff to
player L is a;; and that of player Il is — a;;. They wish to select strategies which benefit them individually.

Take Si(= {ai, o2, . .., 0p}) and So(= {B1, B2, . - . , Bq}) as pure strategies. We consider mixed
strategies for two players Iand [T as: Y = {y = (y1i, y2, . . ., ¥p)© :Z?zlyi isl,y=>0,i=1,2,...,p}
andZ=1{z=(z1, 22, . ..,29": Z;Ll zjisl, z20,j=1,2, ..., q} respectively. If player I chooses oi€

Siwith probability (i=1, 2, . . ., p) and Player II chooses B;€ S,with probability z; G =1, 2, ..., q),
then the game is defined as G = (Y, Z, A).

5. Two-person zero-sum game in triangular neutrosophic environment:

In real World situation, there are many game problems where pay off elements are in imprecise
nature. We consider the payoff matrixMwhere M= (m;) with triangular neutrosophic numbers (in
short, TNNs) and the corresponding game is G = (Y,Z, M). We consider two players, player I
(maximizing player) and player II (minimizing player) of the game. Player I and player II wish to use
the best strategies for maximizing the gain and minimizing the loss respectively. The maximin and
minimax principle provides the best strategies for both the players. The game possesses a saddle point
when maximin for player | and minimax of player II are equal.

Let (p, q)-th position of M= (m, ) )rxs» the payoff matrix, is a saddle point, then,
@ ={(Mpq, Mpq Mg » Mpq ): ey Py Vi

_ : 1 2 3 4 .
= qu{m.ln{(mij y My, My, My ) am_u, .Bm_ur Vm_u}
3 ]
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i 1 .2 3 4.
= m'm{m.ax{(mij,mij,mij,mij ) Amy;» .Bm_l]: Vm_”}'
] l

This implies that the saddle point entry is, (p, q)-th position which is the value of the game.
Heream—u, ,Bm—u, and Yy respectively denote the degree of acceptance, degree of indeterminacy and
degree of non-acceptance of(milj,mizj,m?j,mf} ).If 3v"€ V and w*€ W and? ¥ and Wsuch that
v* < ¥and w* = W, where, V and W indicate all reasonable game values # and W for players I and II
respectively, then (y*, z*, v¥, w*) is called a solution of the triangular neutrosophic matrix game (in
short, TNMG). And y* and z* are called maximin and minimax strategies for players I and II
respectively and v* and w*are called respectively player I’s gain-floor and player II’s loss-ceiling. Let
m* = v* Aw* with the membership function a=(x) = min{ag=(x),a;+(x)}. Then 7* is called a fuzzy
value of TNMG. Also, y* and z*, maxi-min and mini-max strategies for players I and II respectively
are obtained by solving fuzzy mathematical programming problems, given below:

maximize U

subiect {yTMZ >, zeZ
1 ey, ¥ eTNN(R)
and minimize w

yT'Mz < W, yeY

subject { -
zeZ,w eTNN(R).

Here‘= " and ‘< 'denote neutrosophic inequalities and ‘“TNN(R)’ indicates triangular neutrosophicreal
numbers.

E(
M)=yTMz
=Yi=1 Z§=1 CT;J Yizj

=Xi=1 Z§=1{(m;;q Mg, Mg, Mpg ); U Pt Vg ) ViZj

{0 Z§=1 mzlnz )’iZj,Zfﬂ Z§=1 mf:q )’iZj,Z?ﬂ Z§=1 qu YiZj’erzl Z§=1 méq YiZj Qg ﬁm—,,q' Vm—,,q}

and
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E(—M)=y"(—M)z
= ;zl Zj‘:l(_au)yizj
=Yi=1 Z§=1{— (mzlaq .m?gq ) mi;q ) mg‘;q ); Ampq ﬁm—pq' Vm—pq} VizZj

{(— a1 X5o1 Mpq ViZj Xie1 o1 Mpq ViZjsXie1 Djm1 Mg ViZjs2ie1 i1 Mg Vi 2 Xires Brins g Vg ) -
Both E(M) and E(—M) are TNNGs.
6. Reasonable solutions and strategies:

Assume ¥ = {(v,v?, v3,v*); ap, Bs. ¥5} € TNN(R) and W = {(w?l,w?, w3, w*); aw, B, Yo} €
TNN(R) be two triangular neutrosophic number. Suppose that 3y* € Y, z* € Z. Then (y*, z*, U, W)
refers a reasonable (highly acceptable) solution of the matrix game and for anyy* € Y and z* € Z, we

have y* MzS ¥ and yTMz*  W. Then ¥ andWindicate reasonable values for players I and II
respectively for a reasonable solution (y*, z*, ¥, W) of the NMG. Similarlyy™ and z*refer reasonable
strategies for players I and II respectively.

7. Numerical Examples:
Thamaraiselvi and Santhi [23] defined single valued trapezoidal neutrosophic number. H. A.
Khalifa [11] explained the procedure for the solution two person zero-sum matrix game with
trapezoidal neutrosophic numbers. Here we discuss the solutions of two numerical examples.

Example 7.1. Game Description:

Consider a game between two players, Player I and Player II. Player I has two strategies: A; and A».
Player II has two strategies: B; and B,. The payoffs are represented by neutrosophic numbers.
Payoff matrix The payoff matrix for Player I is:

Strategies B1 B>
As (0.6,0.2,0.2) (0.3,0.4,0.3)
A, (0.4,0.3,0.3) (0.8,0.1,0.1)

The payoff matrix for Player Il is the negative of the above matrix.
Solution: To solve this game, we can use the score function method. Let us define a score function S

for a neutrosophic number A = (T, I, F) as:
S(A)=T—F
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Score Matrix:
Table: The score matrix for Player I

Strategies B B,
A1 0.4 0.0
A, 0.1 0.7

Optimal strategies: The optimal strategies can be found using the minimax theorem. Let us find the
minimum score for each row:

For Ai: min(0.4,0)=0

For A,: min(0.1, 0.7) = 0.1

The maximum of these minimum scores is 0.1 which corresponds to strategy Ao.

Optimal strategy for Player I: The optimal strategy for Player I is A,.

Optimal Strategy for Player II:

To find the optimal strategy for Player II, we need to find the maximum score for each column:
For B;: max(0.4,0.1)=0.4

For B,: max(0, 0.7) =0.7

The minimum of these maximum scores is 0.4, which corresponds to strategy Bi.

Optimal Strategy for Player II: The optimal strategy for Player II is B;.

Value of the game: The value of the game is the score corresponding to the optimal strategies:
V=(04,0.3,0.3)

The score of the value is:

S(V)=0.4-03=0.1.

Interpretation and conclusion:

Optimal strategies: Player I should choose strategy A, to maximize their payoff.

Player II should choose strategy B to minimize Player I's payoff.

Value of the game: The value of the game is (0.4, 0.3, 0.3) which represents the neutrosophic payoft.
The score of the value is 0.1, which indicates that Player I has a slight advantage.

Interpretation: Player I's advantage: Player I has a slight advantage in the game, as the score of the
value is positive (0.1).

Uncertainty: The neutrosophic payoff (0.4, 0.3, 0.3) indicates that there is uncertainty and
indeterminacy in the game which can be due to various factors such as lack of information or
randomness.

Example 7.2. Game Description:

Let us consider the following two-person zero-sum matrix game with trapezoidal neutrosophic
numbers:
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(0,1,3,6);7,5,3 (5,8,10,14);3,6,6 (5,8,10,14); 0
(9,11,14,16);5,4,7 (12,15,19,22);6,4,5  (3,5,6,8);6,5,4
(5,8,10,14); 3,6,6 (3,5,6,8);6,54  (15,17,19,22);4,8,4

Solution: The corresponding crisp payoft:

w s
U1~ W
oN O

max (yi+ Y2t ys)
Subject to:
y1t3y2+t0y;<1
4y 1+ Ty +2y3<1
3y1t5y2t6y;<1
Y1, ¥2, ¥3=0.

Tablel:The optimal strategy of player I1

Variables Optimal strategies Game Value
Y1 0 9.769
Y2 0.231
Y3 0.769

max (Xi+ Xo+X3)
Subject to:
4x1+11x+x3>1
3x1+12x+2x32>1
5x1+9x,+7x3>1

6x:1+10x+7x3>1
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X1, X2, X3=0.
Table2: The optimal strategies of Player I
Optimal strategies Game Value
X1=0
X2 =0.923 9.769
x3=0.077

It is clear from the duality theorem that the optimal strategy of player I is: (0, 0.923, 0.077)

which are the coefficients slack variables in the final table of the simplex method.

Player | Player Il Game value

x1=0 y1=0 (13.5625, 16.3488, 21.0241,
X2 =0.923 y2=0 27.4141)
X3 = 0.077 ys = 0.231, y4 = 0.769

8. Conclusion:

NS deals with decision making problems occurring indeterminacy due to uncertainty. In this
paper, we have introduced two-person zero-sum game in neutrosophic environment. We have
explained two-person zero-sum games in crisp as well as triangular neutrosophic environment. We
have defined the reasonable solutions and strategies of such games. Lastly, two numerical examples
have been illustrated. We hope the article will be helpful for future research work of games in
neutrosophic environment.
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Abstract: Cannibalism, also known as intraspecific predation, is a significant and widely
observed phenomenon in various animal species ranging from protozoa to mammals.
Numerous researches suggest that cannibalism can significantly alter the dynamics of the
interacting species, especially the prey-predator systems. Most of the researchers found so far
emphasize on predator cannibalism where adult predators predate on juvenile ones. However,
in nature there are also evidence of cannibalism in prey population. In this study we consider
a prey-predator system where both of prey and predator practices cannibalism. We have
proposed and analyzed a simple three-dimensional model with the help of nonlinear ordinary
differential equations. Predator population has been divided age structurally in two groups,
namely adult and juvenile. The existence and stability conditions of the equilibrium points
have been determined analytically and numerically. Moreover, we have incorporated seasonal
environmental variations on the growth rates of prey and juvenile predator populations. This
effect of seasonality is considered as the sinusoidal perturbation on the growth rates of prey
& juvenile predator and significantly affects the system dynamics by causing high periodic
fluctuations that is often observed in nature. Therefore, the obtained results are helpful in
understanding the impact of cannibalism on prey — predator systems as well as on the survival
of the interacting species.

Keywords: Prey-predator system, age-structure, cannibalism, mathematical model,
seasonality, stability analysis, Hopf bifurcation, chaos.
Mathematics Subject Classification: 34D, 34H, 90A, 92B

1 Introduction

Cannibalism is the act of intraspecific predation, that includes both killing and whole or partial
consumption of conspecific individuals. The evidence of cannibalism has been documented
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in different human cultures and populations all over the world. Different indigenous South
American and New Guinean tribes practice the act of cannibalism as a social norm [1]. The
cases of human cannibalism have also reported in various native tribes of Africa [2]. Though
cannibalism is considered an inhuman and barbaric practice among the human civilizations,
it 1S quite a common trait in ecology, especially in prey — predator systems [3]. Several
important factors such as population density, age structure, stage structure, population size,
temperature etc. can influence the occurrence of cannibalism [4]. Active cannibalistic
behavior can be observed in more than 1300 animal species in nature [S] for example, insects
[6], primates [7], frogs [8], fish [9], carnivore mammals [10], spiders [11], etc. are to name a
few.

In nature it is often observed that, cannibalistic practice can alter population dynamics
significantly. It has been documented that a population, which is at the verge of extinction,
can persist through cannibalism [12]. It can also stabilize an otherwise unstable population
[13]. Various researchers have studied the effect of cannibalism on intra- and inter-specific
systems. A single species cannibalism model has been studied by Kang et al. [14]. In this
study they have age structurally divided the population in two classes. One class is eggs and
other is the adult class. A three-dimensional stage structured prey-predator model with
predator cannibalism has been analyzed by Zhang et al. [15]. They divided the predator
population into two subclasses such as juvenile predator and adult predator, considering adults
prey on juveniles following Holling Type — I functional response. They have performed local
and global stability analysis of the equilibrium points incorporating bifurcation analysis. Few
researchers have explored the destabilizing effect of cannibalism in two species models [12,
16-18]. Basheer et al. [19] studied a three species prey-predator system and showed that
cannibalism can destabilize the population dynamics. The effect of maturation delay on a
diffusive cannibalistic predator—prey model is studied by Li et al. [20]. Sun et al. [21]
proposed and analyzed a spatiotemporal prey-predator model that incorporates predator
cannibalism. The stabilizing effect of cannibalism has been studied by [13, 22]. Buonomoa et
al. [23] established the stabilizing effect of cannibalism in a stage structured population. The
stabilizing consequences of adult-on-juvenile cannibalism has been investigated by Cushing
et al. [24] who proposed some matrix models and applied bifurcation theory.

It is interesting to observe that majority of the prey-predator systems that incorporates
cannibalism, considers only predator cannibalism. But there are strong evidences in ecology
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that cannibalism also occurs in prey population [25, 26]. To analyze the impact of pry
cannibalism, Rudolf [27] studied a prey predator system where the dragonfly-larvae, both
large and small, acts as the prey for other predator species such as tadpoles, frogs etc. In this
prey-predator system the larger dragonfly larvae cannibalize on the smaller larvae and it has
been established that such prey cannibalism can alter the system dynamics significantly. If
fact due to this prey cannibalism the predator’s functional response alters and decreases the
predator induced prey mortality almost by 47% [27]. The effect of prey cannibalism in a multi
component structured model has been studied by Solis et al. [28] with the help of integer
differential equations. Chow and Jang [29] studied a discrete dynamical model considering
prey cannibalism and found that the prey cannibalism can either stabilize or destabilize the
system dynamics, depending on the rate of cannibalism rates and other sensitive system
parameters. A three species structured deterministic model have been proposed and analyzed
by Zhang et al. [30]. By considering prey cannibalism they established that the prey
cannibalism can stabilize the system, as well as can emphasize the persistence of the
coexistence of the interacting species.

In this study we propose a simple stage structured deterministic prey-predator model with the
help of nonlinear differential equations to explore the simultaneous effect of prey and predator
cannibalism on a prey-predator system.

2 Mathematical model

Let, X(t), U(t), V(t) respectively be the prey, juvenile predator and adult predator density at
any time t. To formulate our model, we consider the following assumptions:

Assumption 1: The adult predators V(t) predate the prey population X(t) as well as the
juvenile predators represented by U(t). The rate of predation by adult predator on prey is
represented by the parameter y and the same on juvenile predator is denoted by the parameter
A.

Assumption 2: Prey population grows at a rate r; and experience intra-specific competition
at a rate k.

Assumption 3: The birth rate of juvenile predators is r,. The natural death rate of juvenile
and adult predators is respectively, d; and d,.
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Assumption 4: Juvenile predators mature to adulthood at a rate b.

Assumption 5: The rate of cannibalism of prey population is denoted by c. It is evident that
the prey population gains an extra energy due to consuming its conspecifics as a result of
cannibalism. This gain increases the rate of reproduction of the prey species and eventually
contributes to an extra growth of prey population and denoted by the parameter c;.

Assumption 6: The conversion efficiency of adult prey due to consuming juvenile predator
is represented by the parameter m. Whereas, n denotes conversion efficiency of adult prey
due to consuming prey.

Assumption 7: All parameters are positive.

Based on these assumptions, we have drawn the following schema diagram in Fig. 1 depicting
the intra and inter specific interactions between prey and predator.

@ Prey (:-,.c.miba"l"n>

T 1 d 1
Prey (X) > Predator
Y
Adult
Predator
V)

A

ldz

Fig. 1. Schema diagram based on the above assumptions.
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According to the above stated assumptions and the schema diagram we propose the following
deterministic prey-predator model incorporating prey as well as predator cannibalism.

ax
E=r1X+ch—KX2 —cX? —yXV,

dU _
— =TV —AUV = bU —dyU, - (1)

dv
E=bU+nyXV+m/1UV—d2V. _

We study model system (1) with respect to the following initial conditions.

L.C:X(0) > 0,U(0) > 0,V (0) = 0. (2

Due to seasonal variations of resources the growth of prey population may vary and as a result
the growth of predator population will vary too [31 — 34]. We consider the seasonal
perturbations to be of sinusoidal type and periodic function of time. Hence the seasonally
perturbed growth rate of prey population is given by:

r, = 1y 1+ €;sin 6t] ..(2a)
and the same for the juvenile predator’s birth rate is considered as:
1 = 12[ 14 sin(6t + ¢)]. .. (2b)
Here €4, €, are the degrees of seasonality; €,1y, €,75 are the magnitudes of perturbation; 6 is
the angular frequency of the fluctuations caused by seasonality. ¢ is the phase angle and 0 <
¢ < 2m. Clearly 0 < €;,€6; < 1. When €4, €, = 0 there is no effect of seasonality. Whereas,
€1,€; = 1 implies maximum level of seasonality. Finally, we modify system (1) by the
seasonally perturbed parameters as defined in (2a) & (2b) and obtain the following seasonally
perturbed system with Z(t) = 6t:
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dx ,
- = X + ¢ X —kX? —cX? —yXV + rje,XsinZ,

dU _

T V. — AUV — bU — d U + 1rye, Vsin(Z + ¢),

av _ _ - (3)
i bU + nyXV + mAUV —d,V,

9 _ 5 20)=0

=0, 2000=0.

3 Existence and stability of equilibrium points
Model system (1) has four equilibrium points. Namely,
1. The trivial equilibrium point E;(0,0,0), which always exists.

2. The predator-free equilibrium pointE; (X, 0,0) where X = % This equilibrium
always exists.
3. The prey-free equilibrium point E,3(0,U,V) where, V = 7 b;]mﬁ and U =
o

bry—d, (b+d1)
A[b-m(b+d)]
satisfied:

This equilibrium exists if the following parametric conditions are

d,(b+dy) b .. da[b+m(b+d;)]
—p o Wm< e W T dy)]

1. (%

(Dr, >

4. The coexistence equilibrium point E*(X*,U*,V*) where, X* = %, Ur =

rV*
AV*+b+d,
AV*2 + A,V 4+ A3 =0, where A; =ny?1> 0,4, =ny?(b+d;) —nyA(r, +
c1) — (k+c)A(mry, —dy),A3 = (b+dy)[dy(k+c) —ny(ry + ¢1)] — bry(k + ©).
The equilibrium E* exists if the system parameters satisfies the following conditions:

and V* is given by the positive root of the following quadratic equation:
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dy(b + dy)
b )
d,k d,k(b + d;) — kbr,
11 > )
(1) y > max {n(rl + ) nlb+d)(r +cy)

ny(rite)  (b+dony(rite) }
d; ' brdpdy—br, S )

(Dr, <

(Inc> max{

We have proved the following propositions regarding the local stability conditions of the
equilibrium points.

Proposition 3.1. The trivial equilibrium point E is always unstable.

Proof. The characteristic equation of the Jacobian matrix of system (1) evaluated at E, is
given by,

(6§ —my)(§* + B +B;,) =0, - (6)
where, By = —(my,; + m33) > 0, B, = MyyMg3 — My3May, My =13 +¢4 >0, my, =
—(b+dy) <0,my; =1, >0,mz, = b > 0,my3 = —d, < 0.Clearly, one of the roots of (6)
is §; = myqy =1, + ¢; > 0. Hence, E, is always unstable. This proves the proposition.

Proposition 3.2.7he predator-free equilibrium E; is locally asymptotically stable if and only
if P, > 0 and P, > 0, where P, and P, are given by the equation (8).

Proof. The characteristic equation of the Jacobian matrix of system (1) evaluated at E; is

given by,
, (7
(& —n)(E*+PE+P,) =0,

where,

Py = —(ny; + n33) > 0, P, = nypngs — NpzNay, Ny = — (1 +¢1) <0,

n13 = 'y(%) > O, nzz == _(b + dl) < O, n23 == rz > 0, n32 == b > 0, (8)

+
ngs =y ((52) = da.

One can easily see that one of the roots of (7) is & = ny; < 0. Hence following Routh
Hurwitz criteria, E; will be locally asymptotically stable if and only if P; > 0 and P, > 0.
Hence the proposition.
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Proposition 3.3. If the prey-free equilibrium E,sexists satisfying the conditions as specified
in (4), then it is locally asymptotically stable if and only if a;; <0, Q; > 0 and Q, > 0,
where a11, Q1 and Q, are given by the equation (9).

Proof. The characteristic equation of the Jacobian matrix of system (1) evaluated at E,3 is
given by,
(¢ —a;1)(E*+0:E+Q) =0,
where,
Q1 = —(azz + asz) >0, Q; = azyas; — 23032, A11 = (rp +c1) — )/AVa
Ayp = _(A+b+d1),a23 =1 >O,a31 =TL]/V> 0,a32 =b+mAV>0,
a33 = mAU\ - dz.

- (9)

One can easily see that one of the roots of (4) is {; = a4;. Other two roots are given by the
quadratic equation é2 + Q& + Q, = 0 and following Routh Hurwitz criteria both the roots
will have negative real part if and only if Q; > 0 and Q, > 0. Therefore, E,3; will be locally
asymptotically stable if and only if a;; < 0,Q; > 0,Q, > 0. Thus, the proposition is proved.

Proposition 3.4. If the coexistence equilibrium E* exists satisfying the conditions as specified
in (5), then it is locally asymptotically stable if and only if Ry > 0,R3 > 0 and R{R, — R3 >
0, where R4, Ry, R5 are given by the equation (11).

Proof. The characteristic equation of the Jacobian matrix of system (1) evaluated at E* is
given by,
E3+ R1E2+RE+R; =0, - (10)

where,

Ry = —(b11 + byz + b33),

Ry = ba3b33 + b11b3z + b11bay — bysbsy — bisbsy,

R3 = by3b31b33 + b11ba3bsy — bi1bazbss, - - (11)

by =1 +cy —2kX" = 2cX* —yV*, biz3 =yX* >0,

by, = —(AV*+b+dy),bys =1, >0,b3; =nyV*, b, = b +miV~,

b3z = nyX* + mAU™ — d,

Therefore, following Routh Hurwitz criteria E* will be locally asymptoticall}T stable if and
only if Ry > 0,R3; > 0,R;R, — R3 > 0. Hence the proposition.
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4. Numerical simulations of the model system (1)

In this section we perform numerical simulations of the model system (1) using MATLAB
R2022a software. We consider the following parameter values given in Parameter Set — I:

Parameter Set I: r, = 0.5; ¢; = 0.04; k = 0.001;y = 0.03; , = 0.08; 4 = 0.04;
d; =0.2;b=0.01;, m=0.1;, n=1.5; d, = 0.025.

Our objective is to analyze the effect of prey cannibalism and predator cannibalism on the
system dynamics. Hence, we will vary the parameters, ¢ and A, which respectively represent
the rate of prey and predator cannibalism. First, we consider ¢ = 1.5 and A = 0.04. For these
chose parameter values we calculate, P, = 0.2188 > 0 and P, = 0.0011 > 0 using the
expressions of P; and P, as derived in equation (8). Following Proposition 3.2, one can easily
conclude that in this case the predator-free equilibrium E;(0.3598,0,0) is locally
asymptotically stable. Therefore, if the rate of prey cannibalism is high then, predators will
face shortage of food due to nonavailability of sufficient number of prey and finally will die
out in long run. This case has been depicted in Fig. 2.

T

Fig. 2. Time evolution of model system (1) for parameter values as specified in Parameter Set
—Iwithc = 1.5 and 1 = 0.04.

To determine the existence of the prey-free equilibrium E,; we consider the existence
conditions as specified in (4). For the parameter values as specified in Parameter Set — I, with
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dy(b+d4)
b

we consider 1, = 0.8 and m = 0.03 to satisfy the existence conditions of E,3 as specified in

da[b+m(b+dy)]
m[bry+dy(b+d1)] 1.0252 > 1.

Hence according to the existence condition (4), the prey-free equilibrium E,3(0, U, V) exists,
where, U = 18.5811 and ¥V = 68.75. Next, we discuss the stability of E,3. For the chosen
parameter values, we evaluate a;; = —1.5225 < 0,Q; = 0.2527 > 0,Q, = 0.0733 > 0.
Following Proposition 3.3 we conclude the prey-free equilibrium E,3 is locally asymptotically
stable in this case. The time evolution diagram of model system (1) for the above chosen
parameter values has been drawn in Fig. 3, that depicts the stability of E,3; implying the
extinction of the prey population in long run.

¢ = 1.5 and 1 = 0.04 one can calculate (i) = 0.525, (ii) # = 0.0476.Therefore,
1

(4). Moreover, for these parameter values, we found that

c=1.5.).-0.04.rz=0.8.m=0.03

Populations

filme
Fig. 3. Time evolution of model system (1) with v = 0.8 and m = 0.03. Other parameters are
as in Fig 2.
The coexistence equilibrium E*(X*, U, V*)will exist if the parameter values satisfy the
conditions deduced in (5). For the parameter values as specified in Parameter Set — [ we

calculate 2274 — 525 r, = 0.08. Thus, the condition () of (5) is readily satisfied.
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c=001,2=004

Populations

T‘;n:ne
Fig. 4. Time evolution of model system (1) with c = 0.01 and A = 0.04. Other parameters are
as in Fig 2.

92X _ 000031 and ‘2K@rda)rbrz
n(ri+cq) n(b+dq1)(r{+cq1)

L. Clearly the chosen value of y = 0.03 is greater than max{0.00031,0.00026}. Hence, the

ny(r;+cq)
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We have evaluated = 0.00026 using Parameter Set —

condition (II) of (5) holds true. Again, the maximum value of the expressions
2

and brdyny (i) Kk is found to be 0.000097. Therefore, to satisfy the condition (III) of
(b+d1)d2—b7'2

(5) we set ¢ = 0.01 along with A = 0.04. Hence, for these parameter values E™ exists with
X*=0.3989,U" = 1.5455,V* = 1.7857. Proposition 3.4 specifies the stability conditions
of E*. We therefore, calculate R; = 0.9294 > 0,R; = 0.0089 > 0,R,R, — R; = 0.0016 >
0. Hence, following Proposition 3.4, for the parameter values given in Parameter Set — I with
¢ =0.01 and A =0.04, we obtain that the coexistence equilibrium E* is locally
asymptotically stable. This case has been shown in Fig. 4.
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Next, we analyze the impact of prey cannibalism and predator cannibalism on the dynamics
of system (1). First, we observe the effect of variation of prey cannibalism, represented by the
parameter ¢, when predator cannibalism, represented by A remains fixed. In this regard we
consider three different values of predator cannibalism, i.e., low, moderate and high and vary
the rate of prey cannibalism.

Case — 4.1: Effect of prey cannibalism when predator cannibalism is low

In this case we consider predator cannibalism A = 0.001. Keeping all other parameters as in
Parameter Set — I, we vary the rate of prey cannibalism, i.e., c. We have previously calculated

that maximum value of the expressions ny(ritey) _ Kk and (brdny(rytey) K as 0.000097.
dZ (b+d1)d2—b7"2

Moreover, as these two expressions does not depend on A, they will not change for different
values of A.So we vary ¢ for ¢ > 0.001, so that the condition (III) of (5) is satisfied.
Moreover, we have already seen that, for the parameter values as specified in Parameter Set
— 1, condition (I) and (II) are readily satisfied. In this way, existence of E* is guaranteed for
A =0.001 and ¢ = 0.001, provided other parameters are as in Parameter Set — I.

We have drawn the phase portraits of system (1) for ¢ = 0.001 (Fig. 5a), for ¢ = 0.01 (Fig.
5b) and for ¢ = 0.1 (Fig. 5c). In all the cases we observe that system trajectories converge to
the stable coexistence equilibrium E* implying the stable coexistence of all the system
populations. Therefore, if the rate of prey cannibalism is low, then all the population will
coexist, as long as the rate of predator cannibalism remains below a critical level. But if the
rate of predator cannibalism exceeds that critical level and reaches as high as ¢ = 1.2 or
above, then predator population goes to extinction in long run and system converges to stable
E;. This scenario has been depicted in Fig. 5d.
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Fig. 5. Phase portrait of system (1) for A = 0.001 and different values of c. (a) ¢ = 0.001,
(b) c = 0.01, (¢c) c = 0.1 and (d) c = 1.2. Other parameters are as in Parameter Set — L.

Case — 4.2: Effect of prey cannibalism when predator cannibalism is moderate

To analyze this scenario, we fix A = 0.01 and vary ¢ for ¢ = 0.0001, at the same time keeping
it less than a critical, which guarantees the existence of E* (see Case — 4.1). Here we keep
other parameters same as specified in Parameter Set — I. The bifurcation diagram of the system
(1) with respect to the juvenile predator population has been drawn in Fig. 6a. It shows that
for lower values of ¢ , say ¢ = 0.001, the coexistence equilibrium E* becomes unstable and
system trajectories converge to a stable limit cycle (Fig. 6b). However, as ¢ increases, the
mode of stability of E* switches through a Hopf Bifurcation and finally E* becomes stable
implying stable coexistence of all the populations (Fig. 6¢). Therefore, we assert that, prey
cannibalism plays a stabilizing role when predator cannibalism is moderate.
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Case — 4.3: Effect of prey cannibalism when predator cannibalism is high

Next we increase the rate of predator cannibalism to a higher level and fix A = 0.1. As
previous, we increase ¢ from ¢ = 0.0001 so that E* exists for such values, keeping other
parameters as in Parameter Set — I. Moreover, we do not increase c¢ to a very high level where
E* ceases to exist (see Case — 4.1). For this case we have drwan the bifurcation diagram of
system (1) with respect to the juvenile prey population, in Fig. 7. The nature of stability of E*
for increasing c, is found to be similar to the Case — 4.2. For lower values of ¢, E™* is unstable.
However, as c is increased, E* attains its stability through a Hopf bifurcation much faster,
when A is high. Therefore, we obtain that, when predator cannibalism is high, the coexistence
equilibrium E™ is unstable for low prey cannibalism and system trajectories converge to a
stable limit cycle around E*. But as prey cannibalism increases, a Hopf bifurcation occurs
switching the stablity of unstable E™* and then all trajectories converge to a stable E™ signifying
the coexistence all system populations. Moreover, prey cannibalism also plays a stabilizing
role in this case when predator cannibalsim is high.
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Fig. 7. Bifurcation diagram of system (1) with respect to the juvenile predator population (U)
for varying c. Other parameters are as in Parameter Set — [ with A = 0.1.

In the next part we discuss the effect of predator cannibalism, when the prey cannibalism is
fixed. For that purpose, keeping all other parameters fixed at Parameter Set — I, we consider
three different values of prey cannibalism, i.e., ¢ = 0.001,c¢ = 0.01 and ¢ = 0.1 signifying
low, moderate and high value of prey cannibalism. And we vary predator cannibalism

represented by A. As discussed in Case — 4.1, if we consider ¢ > max {@—

2
(brdny(rytey) K} = 0.000097, then E* will exist satisfying the existence conditions
(b+d1)d2—bT2

)
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evaluated in (5) for varying A, as long as ¢ does not exceed a critical value as well as all other
parameters are kept same as in Parameter Set — .

Case — 4.4: Effect of predator cannibalism when prey cannibalism is low

For this case we consider ¢ = 0.001 and draw the bifurcation diagram with respect to juvenile
predator population for varying A in Fig. 8a.

@ _ e=0.001

2

2

o

2

5

{b) <=0.001, A=0.001 [e) e=0001,A=0.01

> o >R A2

{d) c=0001, )=007

Fig. 8. Bifurcation diagram of system (1) with respect to the juvenile predator population (U)
for varying A (a) and phase portrait of system (1) for (b) A =0.001, (c) A =0.01, (d) A =
0.07. Other parameters are as in Parameter Set — I with ¢ = 0.001.
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Form this diagram it can be seen that, for lower values of A, E* is stable. Now as A increases,
E* switches its stability through a Hopf bifurcation and becomes unstable. In this case all
trajectories converge to a stable limit cycle around E*. Moreover, E* switches its stability
again and finally becomes stable through another Hopf bifurcation as A is increased further.
Therefore, we assert that, when prey cannibalism is low, then low predator cannibalism
destabilizes the system. Whereas, high predator cannibalism stabilizes the system. To
corroborate these results, we have drawn the phase portraits of system (1) for different values
of A in Fig. 8b (4 = 0.001), Fig. 8 (14 = 0.01) and Fig. 8d (4 = 0.07). Clearly, for A =
0.001&0.07, we find E* is stable and all populations coexist in a stable mode. But for 4 =
0.001, all populations coexist in an unstable mode as E* is unstable in this case.

Case —4.5: Effect of predator cannibalism when prey cannibalism is moderate and high

Here we consider ¢ = 0.01 as moderate prey cannibalism and ¢ = 0.1 as high. For these
chosen values of c, the bifurcation diagrams of system (1) for varying A have been drawn in
Fig 9a and Fig. 9b respectively. In both the cases it is observed that, E* remains stable and
therefore, system trajectories converge to stable E* implying stable coexistence of all the
populations.

Fig. 9. Bifurcation diagram of system (1) with respect to the juvenile predator population (U)
for varying A with (a) ¢ = 0.01 and (b) ¢ = 0.1. Other parameters are as in Parameter Set —
L

5 Numerical simulations of the model system (2)
In this section we analyze the effect of seasonal variations considering the model system (2).
We set the values of the degrees of seasonality €; = 0.3 and €, = 0.4. We discuss the effect
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of 6, the angular frequency of the fluctuations caused by seasonality by considering three
different values of the phase angle ¢ i.e., ¢ = 0,  and 2m.Moreover, we consider all the other
parameters as in Parameter Set — I, with ¢ = 0.01 and A = 0.04. From Case — 4.5 and
bifurcation diagram Fig. 9a one can easily see that, the model system (1) converges to stable
E* for these parameter values. Our objective is therefore, to deduce the impact of seasonal
variations on an otherwise stable system.
Case—-5.1:9p =0

Fi
rst, we draw the bifurcation diagram of system (2) with respect to the juvenile predator (U)
population, for varying 8 and ¢ = 0 in Fig. 10. From this diagram one can clearly see that
for increasing 6 the system (2) exhibits critical aperiodic behavior. The dynamics of system
(2) for some specific values of 8 have been drawn in Fig. 11.

©=001,A=004,( =03,,,=04,¢=0

sl )
L e

Juvenile Predator (U)

8

Fig. 10. Bifurcation diagram of system (2) with respect to the juvenile predator population
(U) for varying 0. In this diagram €; = 0.3 and €, = 0.4, ¢ = 0,c = 0.01 and 4 = 0.04.
Other parameters are as in Parameter Set — |
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Fig. 11. Phase portraits of system (2) for different values of 8. (a) 8 = 0.03, (b) 6 = 0.07,
(@) 8 =0.09,, (@) 8 =0.1, (a) 6 =0.196,, (@) 0 = 0.22,, (a) 8 = 0.24,, (a) 6 = 0.27,, (a)
0 = 0.45,, (a) 8 = 0.6. In this diagram €¢; = 0.3 and €, =04, ¢ =0,c =0.01 and 1 =
0.04. Other parameters are as in Parameter Set — I.

From this diagram we observe that, for & = 0.03 we obtain unstable E* (Fig. 11a). As 6
increases to 8 = 0.07, period doubling occurs and we obtain two periodic solutions (Fig. 11b).
Increasing 6 further results in another period doubling and 4-periodic solutions are observed
when 8 = 0.09(Fig. 11c). After that for 8 = 0.1, chaotic oscillations can be seen (Fig. 11d).
It is evident that the route to chaos in this case is period doubling bifurcations. This chaotic
behavior of system (2) continues and even for 8 = 0.196 system shows chaotic oscillations
(Fig. 11e). However, if we increase 8 to 6 = 0.22, chaotic oscillations disappear and
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trajectories exhibit 2 periodic oscillations (Fig. 11f). Then as 0 increases to 8 = 0.24, we
obtain single periodic solutions (Fig. 11g). However, for 8 = 0.27, the solution trajectories
exhibit 3 — periodic solutions (Fig. 11h). But as we increase 8 more, to 8 = 0.45 (Fig. 111)
and 6 = 0.6 (Fig. 11j) system trajectories converge to a stable limit cycle around the unstable
E*.

Case—5.2: p =mand ¢p =21

The bifurcation diagrams of system (2) with respect to the juvenile predator (U) population,
for varying 8 and ¢ = m&¢@ = 2m has respectively been drawn in Fig. 12 and 13. In both the
cases, we can see that for increasing 8 the system (2) exhibits critical aperiodic behavior and
the dynamics of system (2) in both the case for varying 8 is similar to the Case — 5.1.

c=0.01,2=004,c, =03, c =04, ¢=x

Juvenile Predator (U)

a
Fig. 12. Bifurcation diagram of system (2) with respect to the juvenile predator population

(U) for varying 6. In this diagram €; = 0.3 and €, = 0.4, ¢ = m,c = 0.01 and 4 = 0.04.
Other parameters are as in Parameter Set — I.
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e=001,2A=004,, =03, =04, =2~

Juvenile Predator (U)

Fig. 13. Bifurcation diagram of system (2!) with respect to the juvenile predator population
(U) for varying 6. In this diagram €; = 0.3 and €, = 0.4, ¢ = 2m,c = 0.01 and 4 = 0.04.
Other parameters are as in Parameter Set — I.

5. Conclusion

In this study we have proposed a three dimensional stage structured prey-predator model
incorporating cannibalism in both of prey and predator species. We have then extended our
model considering periodic sinusoidal type time dependent seasonal variationsin the growth
rate of prey and predator population. In the previous studies, it has been shown that
cannibalism has either stabilizing or destabilizing effect on system dynamics may it be prey
or predator cannibalism. However, through our study we observed that, in a prey-predator
system in presence of both prey and predator cannibalism, if the predator cannibalism is low
then as long as the prey cannibalism remains below a critical value, all populations coexist in
a stable mode. But if in any scenario, the prey cannibalism exceed a critical value, the predator
populations die in long run. Now if the rate of predator cannibalism is moderate or high, then
for lower values of prey cannibalism, system becomes unstable. But as prey cannibalism
increases, system stabilizes through a Hopf bifurcation. However, for high rate of predator
cannibalism, system stabilizes faster at a lower prey cannibalism rate. Whereas, when predator
cannibalism is moderate, it takes higher rate of prey cannibalism to stabilize the otherwise
unstable system. Therefore, in general, if predator cannibalism is fixed, then prey cannibalism
plays a stabilizing role. On the other hand, when the prey cannibalism is low, then predator
cannibalism shows stabilizing as well as destabilizing effect. For low and high predator
cannibalism the system becomes stable. But for moderate values of predator cannibalism, the

77



Journal Tri. Math. Soc. V27 (2025)

system becomes unstable. However, if the prey cannibalism is moderate or high, then system
always remain stable for varying predator cannibalism.

Finally, we have studied the effect of seasonal variations on system dynamics by varying the
angular frequency 8 of the fluctuations caused by seasonalityand for three different values of
the phase angle ¢, namely, ¢ = 0, r, 2m. We have found that, for different values of 8 and ¢
the system exhibits critical periodic and chaotic nature. And the route to chaos is always the
period doubling bifurcations.

Thus, we conclude, in absence of seasonal variations, lower rate of prey cannibalism plays a
destabilizing role, provided the predator cannibalism is moderate or high. Whereas, lower and
higher predator cannibalism can stabilize the system, but moderate predator cannibalism
destabilizes the system, when prey cannibalism is low. Moreover, in presence of seasonal
variations the system shows critical periodic and chaotic behavior. These results are
significant from the ecological point of view, as it signifies the impact of prey and predator
cannibalism in a combined ecological scenario and can explain the stabilizing & destabilizing
system dynamics of a cannibalistic species as well as fluctuations of population densities
observed in nature.
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Abstract: The article reveals the introduction of the notion of inverse of a nutrosophic fuzzy matrix.
We introduce neutrosophic fuzzy vectors and investigate some of their basic properties and results.
We incorporate some suitable examples of neutrosophic fuzzy vectors. We further investigate the
notion of generalized inverse of a neutrosophic fuzzy matrix. We formulate some basic properties and
investigate some characterization theoremsof generalized inverse of a neutrosophic fuzzy matrix.
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1. Introduction:

Many mathematical tools have been developed to model and solve real life problems. Zadeh [20]
introduced the notion of fuzzy set as an appropriate mathematical instrument for description of
uncertainty observed in nature. Intensive acceptability in various fields of fuzzy sets has been found
since its inception. Traditionally, fuzzy sets is characterized by the membership value or the grade of
membership value. Sometimes we may face to assign the membership value for fuzzy sets. Thereafter,
the concept of interval valued fuzzy sets was introduced by Zadeh [19] to capture the uncertainty of
grade of membership value. Sometimes, real life problems in belief system, expert system, information
fusion and so on, we must consider the truth membership as well as the falsity-membership for proper
description of an object in uncertain, ambiguous environment. Neither the fuzzy sets nor the interval
valued fuzzy sets is appropriate to handle such an ambiguous situation. In order to resolve such a
situation, Atanassov [ 1] introduced the notion of intuitionistic fuzzy sets by associating both the truth
membership (or simply membership) and falsity-membership (or non-membership) values. It does
not handle the indeterminate and inconsistent information which exists in belief system.

Smarandache [16] introduced and studied the concept of neutrosophic set as a mathematical
tool for handling real life problems involving imprecise, indeterminacy and inconsistent data. Each
element of neutrosophic set is associated with three independent functions, namely, the membership
function (T), the non-membership function (F) and the indeterminacy function (I) defined on the
universe of discourse X. The indeterminacy function of the set is the non-deterministic part of the
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situation. In the recent years, the concept of neutrosophic set has been applied successfully by Pal et
al. [13, 14], Broumi et al. [2, 3] and others.

Matrices have important role in science and technology. It is fact that matrix formulation of a
mathematical formula gives extra advantages to solve the problem. However, the classical matrix
theory sometimes fails to solve the problems involving uncertainties, occurring in an imprecise
environment. Such type of problems are solved by using fuzzy matrix. Thomas [17] introduced the
notion of fuzzy matrices to represent fuzzy relation in a system based on fuzzy set theory and discussed
about the convergence of powers of fuzzy matrix. Fuzzy relational maps and neutrosophic relational
maps have been introduced by Kandasamy and Smarandache [8]. In classical algebra, matrices are
playing an important role in the theory of vector spaces. They [9] further generalized neutrosophic
matrices. Khaled et al. [ 10] investigated on the rectangle neutrosophic fuzzy matrices. Topal et al. [18]
studied on bipolar neutrosophic matrices. Dhar et al. [6] defined neutrosophic fuzzy matrices and
studied about square neutrosophic fuzzy matrices. Das et al. [4] investigated on algebraic operations
on neutrosophic fuzzy matrices. Das et al. [5] investigated the properties of multiplication operation
of neutrosophic fuzzy matrices. Kim and Baartmans [12] investigated on determinant theory for fuzzy
matrices. Khan and Pal [11] and Pradhan and Pal [15] investigated on generalised inverse of
intuitionistic fuzzy matrices. These works motivate us to investigate on inverse of a neutrosophic fuzzy
matrix. Thearticle is subdivided as follows. The next section briefly focuses some definitions related
to neutrosophic set, fuzzy matrices and neutrosophic matrices which are relevant to the article. In
section 3, we investigate the notion of neutrosophic fuzzy vectors. In section 4, we study generalized
inverse of a neutrosophic fuzzy matrix. Lastly, section 5 gives conclusion.

2. Preliminaries:
In this section, we recall some basic concepts and results which are relevant for this article.

Definition 2.1. [16] Let X be an universal set. A neutrosophic set A in X is a set containing the
triplettruthness, falseness and indeterminacy membership values that can be characterized
independently, denoted by Ta, Fa, la in [0,1]. The neutrosophic set is defined as follows:

A ={(x, Ta(X), Fa(x), 1a(x)): xeX, andTa(x), Fa(X), 1a(x)e[0,1]}, where

0 <Ta(X) + Fa(x) + 1a(x)< 3.
The null and full neautrosophic sets on a nonempty set X are denoted by Oy and 1n respectively.

Example 2.2. Assume that the universe of discourse X = {x, x, x5}, where X1, X,and Xscharacterises
the quality, reliability and the price of the objects. It may be further assumed that the values of
{x1, %2, x3}are in [0, 1] and they are obtained from some investigations of some experts. The experts
may impose their opinion in threecomponents viz; the degree of goodness, the degree of indeterminacy
and the degree of poorness to explain the characteristics of the objects. Suppose A is a neutrosophic
set (NS) of X, such that

A = {(x4,0.4,0.5,0.3), (x,,0.7,0.2,0.4), (x3,0.8,0.3,0.4)}, where for x; the degree of goodness of
quality is 0.4, degree of indeterminacy of quality is 0.5 and degree of falsity of quality is 0.3 etc.
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Definition 2.3.[7] By a fuzzy matrix, we mean a matrix over the fuzzy algebra F = [0, 1] under the
fuzzy operations (+, .) defined as a + b = max{a, b} and a.b = min{a, b} V a, b€F. A fuzzy matrix can
be interpreted as a binary fuzzy relation, which is defined as below:
A fuzzy matrix (in short, FM) of order m X n is defined as A = (a;;, a;j,,) where a;j,, is the membership
value of the ij-th element a;; in A. We denote the set of all fuzzy matrices of order m X n by Fp,xp. If
m = n, in short we write F,, the set of all square fuzzy matrices of order n.
For simplicity, we write A = [ajj]mxn Where a;; = (a;5,)-
A fuzzy square matrix of order two is expressed in the following way

a b

[c d]
where the entries a,b,c, d all belong to the interval [0,1].

04 05

Example 2.4. Let A= 0.6 03

] be a fuzzy matrix of order 2.

Definition 2.5. (One may refer tmo [15]) Fuzzy matrices deal with only membership values, not non-
membership values. To handle the non-membership values of the elements also we consider the
intuitionistic fuzzy matrix (in short, IFM), which is defined as below:

An IFM of order m X n is defined as A = [a;j, (a;ju, Qij9)lmxn Where a;j, and a;jy are called
membership and non-membership values of the ij-th element x;; in A., maintaining the condition 0
< aij# + aij,g <l1.

For simplicity, we write A = [@;}]mxn Where a;; = (ajjy, Qij9)-

Definition 2.6. Intuitionistic fuzzy matrices deal with membership and non-membership values but
cann’t deal with indeterminacy values . To handle the indeterminacy values of the elements also, we
consider the neutrosophic fuzzy matrix (in short, NFM), which is defined as below:

T

An NFM of order m X n is defined as A = [a;j, (aiTj,agj,aE)]an where ajjis called membership

Value,a{]—is called indeterminacy value and aiF]-is called non - membership value of the ij-th element
x;j in A, maintaining the condition 0 < aiT]- + a%j + af]— < 3. Here each of aril},a{j and aiF]-takes from
the interval [0, 1].

. . . . _ _ T I F
For simplicity, we write A= [a;;]nxn Where a;; = (aj;, aj;, aj5)-
A neutrosophic fuzzy matrix for which m = n (i.e., the number of rows is equal to the number of
columns) and whose each of degree of membership value of the three independent functions takes
from the interval [0, 1] is called a square neutrosophic fuzzy matrix of order n.
In arithmetic operations, only the values of a}},a}j and af]- are needed. Thus, from here we only

consider the values of a;; = (a}rj, a{j, a}:]-).
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(0.4,0.2,03) (0.6, 0.7, 0.4)

Example 2.7. A= [(0.5’0.3' 0.2) (0.4,0.3, 0.2)

] is a neutrosophic fuzzy matrix of order 2 X 2.

Definition 2.8Lct A = ((aiT]-, a{j, aﬂ-)) = (a;;) and B = ((biT]-, b%l-, bf]-)) = (b;j) be two neutrosophic fuzzy

matrices of order mX n and n X p respectively. Then the product of A and B is defined as
AB = (Vii=y(afnay), Vi, (ajnal;), A= (@l vagy)).

The order of AB will be m X p. The product AB is defined if and only if the number of columns of A
is same as the number of rows of B. A and B are said to be comfortable for multiplication.

3. Neutrosophic fuzzy vectors:

In this section, we introduce neutrosophic fuzzy vectors and investigate several properties related to
it.

Definition 3.1.Let V.be the set of all n-tuples ((*1a, X158 X19)s
(xm’ X2p xzy), e v wnen) (Xng, Xng, Xny)) over the field F. An element of V, is called a
neutrosophic fuzzy vector (in short, NFV) of dimension n, where x;,, X;5 and x;, are the membership,
indeterminacy and non-membership values of the component x;

The operations addition (+) and multiplication (.) are defined on V,as follows:

Letx = ((X1q, X18, X1y)s (xw' X28 xzy), e e v (Xna, Xng, Xny)) and

y=(O1a, Y1p: Y1y)s (Vaa, Y2p» Y2y)s e vee oo, Ona, Yngr Yny)) be two NFVs in V. Then

x + y = (max(x1q, Y1a), min(xlﬁ' Y18)> min(Xyy, Y1y)), (Max(X24, Y2q), min(xzﬁ, Y28)s
min(Xzy, ¥2y))s-------- s (MIN(Xng, Yng), Min(Xng, Yng), MIN(Xny, Yny)))

and

ax = ((min(a, x14), max(l — a, x15), max(l — a, xq)), (min(a, x,4), max(l — a, x,), max(l —a,
X2y))seeenernneinns , (min(a, Xpq), max(1 — a, x,g), max(l — a, xy,)))fora€ [0, 1].

The system V, together with these operations of componentwise addition and multiplication forms
neutrosophic fuzzy vectors space (in short, NFVS).

Definition 3.2. Let A= ((aiTj, a%]-, afj))e Fnxn be a NFM. Then the element (a'ir]_’ a{j, aiF]-) is the ij-the entry
of A. Let A;, (respectively A, ;) be denote the i-th row (respectively j-th column) of A. The row space

R(A) of A is the subspace of Vj,generated by the rows {4;,} of A. The column space C(A) of A is the
subspace of 1, generated by the column {4, ;} of A.
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Definition 3.3. The row rank p,.(A)of a NFM is the number of independent rows which generate the
row space R(A) of A. The column rank p.(A)of a NFM is the number of independent columns which
generate the column space C(A) of A.

Then the element (aiT]-, a{j, af]-) is the ij-the entry of A. Let A;, (respectively A,;) be denote the i-th row
(respectively j-th column) of A. The row space R(A) of A is the subspace of I}, generated by the rows
{A;.} of A. The column space C(A) of A is the subspace of },generated by the column {4, ;} of A.

Example 3.4. Let us consider the NFM

_ [(0.5,0.5,0.5) (04.,0.5,0.5)
- 1(0.8,0.2,0.3) (0.4,0.2,0.4)

The row vectors of A are respectively R; = ((0.5,0.5,0.5),(0.4,0.50.5)) and R,
((0.8,0.2,0.3),(0.4,0.2,0.4)) which are linearly dependent as R; = cR, for ¢ = 0.5€F.
Therefore, the row rank of A is p,-(4) =1.

A

The column vectors of A are respectively C; = ((0.5,0.5,0.5),(0.8,0.2,0.3)) and R,
((0.4,0.5,0.5), (0.4,0.2,0.4)) which are linearly independent as C; # cR, for any ¢ €F.
So, the column rank of A is p.(A4) = 2.

That is, p,-(A) # p.(A).

Now we consider the NFM

_ (0.8,0.2,0.5) (0.6,0.4,0.5)

B= (0.5,0.4,0.3) (0.7,0.3,0.4)

The set of row and column vectors of B are both linearly. So the row and column ranks of B are equal
and is equal to 2.

Definition 3.5. Let S= {aq,a,,......... ,an } be a set of NFVS of dimension n. The linear combination
of elements of the set S is a finite sum Z?: c;a; where a; €S and c; € [0, 1]. The set of all linear
combinations of the set elements of S is called the span of .S, denoted (S).

An example of V3 and its spanning set is given below:
Example 3.6. Let S= {a;, a,, a3} be a subset of V5, where,
a, = (0.6, 0.3,0.5),(0.4, 0.5,0.3), (0.7, 0.1,0.3)),

a, =({(0.5, 0.4,0.6),(0.8, 0.4,0.1), (0.6, 0.2,0.5)),
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and a; = ({0.7, 0.1,0.4),(0.6, 0.2,0.4), (0.5, 0.5,0.4)).
Then,

(S) = {c,({0.6, 0.3,0.5),(0.4, 0.5,0.3), (0.7, 0.1,0.3)) + ¢,({0.5, 0.4,0.6),(0.8, 0.4,0.1), (0.6,
0.2,0.5)), c5(0.7, 0.1,0.4),(0.6, 0.2,0.4), (0.5, 0.5,0.4))}, where ¢y, ¢, ¢35 € [0, 1].

Definition 3.7. Let S be a set of NFVS. Then S is called independent if and only if each element of
Scan not be expressed as a linear combination of elements of S, that is, no element s€S is a linear
combination of S\ {s}.

A vector a may be expressed by some other vectors. If it is possible then the vector a is called
dependent otherwise it is called independent.

Example 3.8. Let S= {a;, a,, a3} be a subset of V5, where,
a, = (0.6, 0.3,0.5),(0.4, 0.5,0.3), (0.7, 0.1,0.3)),

a, =({(0.5, 0.4,0.6),(0.8, 0.4,0.1), (0.6, 0.2,0.5)),

and a; = (0.7, 0.1,0.4),(0.6, 0.2,0.4), (0.5, 0.5,0.4)).
Here the set S is an independent set. If not, then

a,=a({0.5, 0.4,0.6),(0.8, 0.4,0.1), (0.6, 0.2,0.5)) + B({0.7, 0.1,0.4),(0.6, 0.2,0.4), (0.5,
0.5, 0.4)).

It is not possible to find any «, § € Fsuch that the corresponding coefficients on both sides will be
equal. That is, a; # aa,+ fas.

Similarly, a, # aa; + fas and az # aa,+ fa,.

So the set S is independent.

Example 3.9. Let S= {a,, a,} be a subset of V3, where,
a, =((0.7, 0.3,0.3),(0.5, 0.3,0.4), (0.6, 0.4,0.3)),
a, =({(0.8,0.3,0.1),(0.5, 0.1,0.4), (0.6, 0.4,0.3)).
Here a; = ca, for c=0.7. So S is a dependent set.

Definition 3.10. Let /7 be a neutrosophic fuzzy subspace of I, and S be a subset of / such that the
elements of S are independent. If every element of W can be expressed uniquely as a linear
combination of the elements of S, then S is called a basis of W.
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Definition 3.11. A basis B of NFVS W is a standard basis if and only if whenever b; = Z}l:l a;jbjfor
bi, b] €B and aij € [0, 1], then a; = bi-

Example 3.12. Let S = {ay, a,, az} be a subset of /5, where,
a; = (0.5, 0.2,0.3),(0.8, 0.4,0.2), (0.7, 0.3,0.2)),

a, = (0.5, 0.3,0.2),(0.7, 0.3, 0.2), (0.6, 0.5,0.2)),

and a; = ((0.4, 0.2,0.3),(0.6, 0.4,0.2), (0.6, 0.3,0.2)).

Here the set S is an independent set, since a; # cia,+ c2a3, Ay # C3a1 + 403 and az # c5aq + cgay.
So {ay,a,, a3} is a basis for (S). Now this is a standard basis also. For a; = ¢;1a4 + c12a, + c13a3
holds if ¢;1= 0.8, ¢1;, = 0.5 and ¢35 = 0.8. Also a; = cyq1a4 for ¢;; = 0.8. Similarly, for a, and as.

4. Generalized inverse of a neutrosophic fuzzy matrix:
In this section, we investigate the generalized inverse of a neutrosophic fuzzy matrix.

Definition 4.1. A neutrosophic fuzzy matrix of order mXn is said to be regular if there exists another
neutrosophic fuzzy matrix X of order mXnsuch that AX4 = A4. In this case, X is called a generalized (g
- inverse) of 4 and it is denoted by A™.

The g- inverse of a neutrosophic fuzzy matrix is not unique, that is, a neutrosophic fuzzy matrix has
many g- inverses. The set of all such g- inverses of 4 are denoted by A{1}.

For a regular neutrosophic fuzzy matrix, the row rank and column rank are equal. Then this value is
called the rank (p) of the neutrosophic fuzzy matrix. The regular neutrosophic fuzzy matrices are the
generalization of the invertible matrices.

Theorem 4.2. Let 4 be a neutrosophic fuzzy matrix whose non - zero rows form a standard basis. If
for some neutrosophic fuzzy permutation matrix P, 4 satisfy the matrix equation 4P4 = A under the
max - min operation, then 4 is regular.

Proof. Here the non-zero rows of a neutrosophic fuzzy matrix 4 form a standard basis. Let P4 = X,
the rows of X are rearrangement of rows of 4. Then X is an idempotent neutrosophic fuzzy matrix,
that is X? = X, having same row space as 4 with the non-zero rows of X form a standard basis also.
Since standard basis are unique, therefore 4 = PX, for some neutrosophic fuzzy permutation matrix P.
Then,

APTA = PXPTPX = PXX=PX= A, that is, APA = A.

Therefore, A is regular.
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Definition 4.3. For aneutrosophic fuzzy matrix 4 of order mXn, a neutrosophic fuzzy matrix of the
same order is sad to be outer inverse of 4 if GAG = G and is denoted by 4{2}.

G is said to be {1, 2} inverse or semi inverse of 4, if AGA = 4 and GAG = G and is denoted by A4 {1,
2}.

The neutrosophc fuzzy matrix G is said to be {1, 3} inverse or least square g- inverse of 4 if, AGA =
A and (AG)T = AG and is denoted by 4{1, 3}.

Again G is said to be {1, 4} inverse or minimum norm g - inverse of 4 if AGA = 4 and (GA)T = G4
and is denoted by 4{1, 4}.

Definition 4.4. A square neutrosophic fuzzy matrix is called neutrosophic fuzzy permutation matrix
if every row and column contain exactly one (1, 0, 0) and all other entries are (0, 1, 1).

Definition 4.5. The NFMs A€ F,, and BE F, are said to be similar, denoted by A=B if 3 an idempotent
NFM XE€ F,,«xn and the NFM Y€ F,,,, such that A=XBY, B=YAX and X = XYX.

Definition 4.6. The NFMs A€ F,, and BE F,, are said to be semi-similar, denoted by A=B if 3 NFMs
X€ Fpxn and YE F .y, such that A= XBY and B = YAX.

Remark 4.7. Every pair of neutrosophic fuzzy similar matrices are semi-similar.

Theorem 4.8. Let the NFMs A€ F,, and B€ E,. Then the following are equivalent:
0] A=B.
(i) 3 an idempotent NFM X€ F,,,,, and another NFM Y€ F, ,, such that A = XBY, B =
YAX and XY€ F,, is idempotent.
(ifi) 3 an idempotent NFM X€ F,,,, and YE F,5,, such that A=XBY, B=YAX and YX€E E,
is idempotent.
Proof. (i) = (ii).
From definition of similarity, A=B implies A= XBY, B =YAX and X = XYX. From the third relation,

X=XYX

or, XY =XYXY

or, XY = (XY)?
That is, XY is idempotent.
1) = (iii).
Let
X=XYX

or, YX =YXYX
or, XY = (YX)?
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That is, YX is idempotent.

>ii) = ().

We have, A= XBY = XYAXY = (XYX)B(YXY).

Similarly, B=YAX = YXBYX = (YXY)A(XYX).

Putting C = XYX and D = YXY, we get, A= CBD and B = DAC.

Now, CD = (XYX)(YXY) = (XY)(XY)XY) = XY, as XY is idempotent.
Again, (CD)(CD) = (XY)(XY) = XY.

Thus, CD is also idempotent.

Let us consider E = CDC and F = DCD.

Then, A= CBD = CDACD = (CDC)B(DCD) = EBF.

Similarly, B=DAC = DCBDC = DCDACDC = FAE.

Again, EFE = (CDC)(DCD)(CDC) = (CD)(CD)(CD)C =CDC = E as CD is idempotent.
Therefore, A=B.

Similarly, we can show that (iii) = (i).

Theorem 4.9. Let A€ F,, and BE F,, be two NFMs such that A=~B. Then A is idempotent if and only
if B is idempotent.

Proof: Since A=B, then from the definition, 3 an idempotent NFM X€ F,,,,, and the NFM Y€ Fp,«m
such that A= XBY, B=YAX and X = XYX.

Then XYA = XYXBY = XBY =A.

Suppose A is idempotent. Then 4% = A.

Now, B? = (YAX)(YAX) = YA(XYA)X = YA?X = YAX = B.

That is B is idempotent.

Similarly, we can prove the converse part.

Theorem 4.10. Let A€ F,, and BE F, be two NFMs such that A=B. Then for idempotent NFM X€&
Frixn and YE F,x;, Ais regular if and only if B is regular.

Proof: Since A=B, then from the definition, 3 an idempotent NFM X€ F,,,,, and the NFM YE F, .,
such that A = XBY, B=YAX and X = XYX.
Now Y is idempotent, that is Y2 =Y and A is regular, then 3 GE FE,, such that AGA =A.
Let us define U =YX.
Then clearly, UE F,. Then
BUB = (YAX)YX(YAX)
=YAXYX)YAX
=YA(XYA)X
=Y(AGA)(XYA)X (as AGA=X)
=YAGAAX (as XYA=A)
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=YAGAX
=YAX
=B.
Hence B is regular.
Similarly, we can prove the converse part.

Theorem 4.11. Let 4 and B be two neutrosophic fuzzy matrices having each of order mxn. If 4 is
regular, then

(@) R(B)SR(A) if and only if B=BA™A for each A~ €4{1}.

(b) C(B) €C(A) if and only if B=AA™B for each A~ €4{1}.

Proof. (a) Let R(B)SR(A). Then each row of B is a linear combination of the rows of 4. Hence

Bj*: Z xijAj*, where xij € (F)
That is, B = XA (for some neutrosophic fuzzy matrix X of order m)
or, B=XAA"A(since A = AA™ A)
or, B=BA™A.
Conversely, if B=BA™ A, then B = XAA™ A (for some neutrosophic fuzzy matrix X of order m)
or, B= XA (since A = AA™ A).
This implies that R(B)SR(A).
(b) Let C(B) SC(A). Then B = AY (for some neutrosophic fuzzy matrix Y of order »)
or, B=AA"AY(asd =AA"A).
That is C(B) €C(A).

5. Conclusion:

Neutrosophic fuzzy matrix provides extra advantages to solve real-life problems involving
uncertainties, occurring in an imprecise environment. In this paper, we have introduced neutrosophic
fuzzy vectors. We have investigated several properties of it. We further incorporated some suitable
numerical examples of neutrosophic fuzzy vectors. We have studied the generalized inverse of a
neutrosophic fuzzy matrix. We have established some of its basic properties. We have defined the
condition for similarity of two neutrosophic fuzzy matrices and established some of its basic
properties. We hope the article will be helpful for future research work of games in neutrosophic
environment.
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Abstract: It is well known that intuitionistic fuzzy sets can be transformed into fuzzy sets
with the help of modal operators. Such operators are playing significant role in intuition-
istic fuzzy set theory. There are various operators and operations in intuitionistic fuzzy set
theory. With the help of first type modal operators and some special operators we establish
some new equalities in intuitionistic fuzzy sets.
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1 Introduction

L.A. Zadeh [14] invented and developed the concept of a fuzzy set in 1965. As an extension
of fuzzy sets, Atanassov [1] presented the idea of intuitionistic fuzzy sets in 1983, which
was eighteen years later. The basic difference of these two concepts is that in fuzzy set
theory only membership function has been taken into account while in intuitionistic fuzzy
set theory membership function and non-membership function both are considered along
with hesitation margin. Researchers [5, 7, 8, 9, 10, 11, 12, 13] are working hard to develop
and improve this subject. There are some operators D, Fo g, Gags Hap, H), 5 5 Ja s, and
J, 5 as well as some operations like * , ©, >, 0o, < and [> in intuitionistic fuzzy set theory
which are playing important role. We attempt to focus on the relationship between these
operators and operations in the main section of this paper, as well as to demonstrate some
important equalities on intuitionistic fuzzy sets.
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2 Preliminaries

Definition 2.1[2] Let X be a nonempty set. An intuitionistic fuzzy set A in X is an object hav-
ing the form A={(x, us(x),vs(x)) : * € X },where the functions 14,4 : x — [0, 1] define
respectively, the degree of membership and degree of non-membership of the element r € X
to the set A, which is a subset of X, and for every element x € X,0 < pi4(x) + va(x) < 1.
Furthermore, we have 7 4(2)=1-p4(2z)-v4(x) called the intuitionistic fuzzy set index or hes-
itation margin of x in A. 7,4(x) is the degree of indeterminacy of x € X to the IFS A and
wa(z) € 10,1 thatis 74 : © — [0,1] and 0 < 74(z) < 1 for every z € X.

7a(z) expresses the lack of knowledge of whether x belongs to IFS A or not.

Definition 2.2 [4] Let X be a nonempty set. If A is an IFS drawn from X, then,

1. UA={(z,pa(z),1 — pa(z)) : 2z € X}
2. QA={{z,1 —vy(z),va(z)) : x € X}

For a proper IFS, LA C A C 0Aand UA # A # QA.
Definition 2.3 [4] Let X be a nonempty set. If A is an IFS drawn from X, then,

1. BA= {(z, 240 va@1ly . 5 ¢ X}

2. MA= {(x, AT vale)y . ¢ X}
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For a proper IFS, HA C A C XA and HHA # A # XA.
Definition 2.4 [4]Let v, 3 € [0, 1]andA € IFS X. Then the following operators can be defined
as

1. D, (A) = {{x,pa(z) + ama(x),va(z) + (1 — @)ma(x)) : x € X}

2. Fop(A) = {{z,pa(z) + ama(z),va(z) + fra(z)) : v € X}, where o + 3 < 1.

3. Gop(A) = {(x,apa(x), Bra(x)) : x € X}, where o + 5 < 1.

4. H,p3(A) = {(x,apa(z),va(z) + Pra(z)) : © € X}, where a + 3 < 1.

5. H} 5(A) = {(x,apa(z), va(w) + (1 — apa(z) — va(r))) : v € X}, where o + 3 < 1.

6. Jo5(A) = {(x,pa(x) + ana(z),fra(z)) :x € X}, where o + § < 1.
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T JEs(A) = L@ ia(e) + a(l - ja(a) — Ba(@)). Bra(@)) = € X}, where o+ § < 1.

Definition 2.5 [3, 6] Let X be a nonempty set. If A and B be two IFSs drawn from X, then,

— pa(x)+pp(z) va(z)tvp(z) .
L A% B = {(% 503t s 10 Swa@va@n! ¢ € X}

_ pa@us@  _ va@vs@
2. A0 B ={(# g5 stminp @) 1D a@ws@ D) L € X}

_ pa(@)+pp(z) va(z)+vp(z) .
3. A B = {(-T, Q(MAI?@‘*‘MBB(QC))‘*‘I’ 2(VAJ?J:)+VBB(33))+1> 1 Xr e X}

_ pa@un@  _ va@vs@) .
4. AcoB = {{&, 35, yupen i1 2atvsenil) - & € X}

_ pa(z)tup(T) va(@)tve(@) \ .
5. A>B = {(l‘, pa(x)+pp(z)+1? VA($)+VB($)+1> tTe X}

_ pa(x)pp () va@vp(x) \ .
6. A< B ={(x, e T VA(x)VB($)+1> cx € X}

3 Main results
Throughout this paper, intuitionistic fuzzy set and fuzzy set are denoted by IFS and FS
respectively.
Theorem 3.1 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then

1. [H(D.(A* B))]¢ = ®[D,(A* B)|¢

2. [X(D,(Ax B))]|¢ = B[D.(Ax* B)|¢

3. [B(F.5(A* B))|¢ =K[F,3(Ax B)°

4. [X(F,5(Ax* B))|¢ = B[F,3(Ax* B)|°

5. [B(Gap(Ax B))]¢ =K[Gas(Ax B)°

6. [X(Gops(Ax B))]¢ =H[Gss(Ax B)©
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7. [B(H,3(A* B))|C = K[H, (A * B)|°

8. [X(Hus(Ax B))|C = B[Has(Ax B)°

9. [B(HS 5(Ax B))IC = RH; 5(A = B)I°
10 [R(H, 5(A * B))IC = BHS 5(A  B))
11. [B(Jo5(A * B))|¢ = K[ Ja (A * B)|C
12. [X(Jo5(A * B))|¢ = B[ Ja (A + B)|C
13. [B(J; 5(A* B))]“ = R[J; 5(A* B)]“

14. [X(J;

o,

s(A* B))|“ =H[J; 5(A* B

Proof 1. Now D, (A * B) = (taxp(z) + amaxp (), vaxp(x) + (1 — a)map(x))
B(Da(A* B)) = (5(pas B(:v) +amasp (), 3 (vass (@) + (1 — a)mas(2)) + 1))
[B(Da(A* B))) = (5(vawp(z) + (1 - Oé)m 5(2)) + 1), 5 (asp(2) + amasp(@)))
Again, [Do(A * B)| = (Vaup(7) + (1 — a)Taep(2), pasp(2) + aT aep())
M[Do(A* B)] = (5[vap(2) + (1 — a)masp(2) + 1], 3[1asp(@) + amap(@)])
Hence [H(D, (A x B))]|¢ = K[D,(A * B)]¢
Similarly 2. to 14. can be proved.

Theorem 3.2 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then

1. [BX (D.(Ax* B))]¢ =XB[D,(A* B)|¢

2. [XH (Du(A* B))]¢ =@BX [D,(Ax B)|¢

3. [BX (F,s5(Ax B))° =XMI[F,s(A* B)|°

4. [XB (F,s5(Ax B))|“ =BHKX[F, 5(A* B)|¢
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5. [BR (Gos(A* B))C =RE[Gas(Ax B)C
6. [XE (Gop(A* B))C =BRE [Gas(AxB)°C
7. [BR (Haps(A* B))|C =R B [Hap(A* B)C
8. XM (Hys(A* B))|C =B [Has(A*B)°
9. [BR (H! 4(A* B))C = KRB [H: 4(A* B)C
10. [RB (H? (A B))]° = BR[H ,(Ax B)|°
1. [BE (Jos(A*B))C = KB [J,s(AxB)°
12. [RB (Jos(A* B))C = BR [J,s(AB)°
13. B (J? 4(Ax B))C = RB[J: (A B)|°
14. [KB (J? (A B))C = BR[J:,(A* B)|°

Proof 2. Now D, (A * B) = (uap(z )—l—OZﬂ'A*B(l'),VA*B(.I')—i—(l—OZ)WA*B(.I'»

B(Da(A* B)) = (5(pasn() + 07 a5 (7)), 3 (Vasp (@) + (1 — @) T asp(2) + 1))

(X8 (Da( )] = (5l5(

(X8 (Da )= (G(van(@) + (1 — A)Taup(@) + 1), 5[5 (1aes(@) + 0 aep(2)) +1])

] pavp(T) + amay B( ) +1], 5 (va B(w) + (1= a)rap(z) + 1))
]
Again, [Do (A * B)| = (vawp(2) + (1 — a)7aup(2), prasn (@ )+0m (7))
=
1

Ax B))|= (%
Ax B) C:(
M[Da(A* B)I° = (Glvaws(r) + (1 = a)maup(2) + 1], 3[aws (@) + amaup(2)])

B X [Da(A* B)| = (3 [VA B(2) + (1 = a)maep (@) + 1], 5[5 (1as8(2) + amasp(2)) +1])
Hence [X H (D, (A*B))] =HKX [DQ(A*B)]C

Similarly, other parts can be proved.

Theorem 3.3 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then

1. [H(D.(A® B))|¢ = K[D,(A® B)|¢
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2. [X(D,(A® B))]¢ =@[D.(A® B)|¢

3. [B(F.s(A® B))° =K[F,s(A® B)|°
4. [X(F.5(A® B))° =B[F,s(A® B)|°
5. [B(Gus(A® B))]¢ =K[Gas(A® B)¢
6. [X(Gus(A® B))]¢ =M[Gas(A® B)¢
7. [B(Hap(A® B))|Y = K[H,5(A® B)|¢
8. [X(Hap(A® B))|Y =HB[Has(A® B)|¢

9, [B(H:

[0

#(A© B) =R[H, ;(A® B)|

10. [X(H

[0

3(A© B))” =H[H, ;(A© B)
11. [B(Jas(A© B))| =K Jos(A© B
12. [X(Jas(A© B))| = B[ Jas(A© B

13. [B(J

[0

3(A® B))¢ =X[J! ;(A® B)|°

[0

14. [X(J:

[0

(A B))C =8 5(A® B)°

Proof 9. Let us suppose that, o« + 5 < 1

Now H; ;(A® B) = (apacp(r),Vaos () + B(1 — apacs(x) — Vacp()))

B(H; 5(A® B)) = (3(apaes (@), 5[vacs(®) + (1 — apaes(r)) — vaos(x)) + 1])
[B(H; 5(A® B)I = (5[vaes(@) + B(1 — apacs(r)) — vacs(@)) + 1], 3 (pacs(2))
Again,[H}, ;(A® B)|Y = (vaep(2) + B(1 — apacs(r) — vaos()), apacs(x))

M[H; 5(A® B)Y = (5[Vacs(®) + B(1 — apacs(2)) — vacs(@)) + 1, 5(apass(2))
Hence [H(H} ;(A©® B))¢ = X[H} 5(A® B)|¢

Similarly other parts can be proved.
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Theorem 3.4 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, B € [0,1], where o 4 3 < 1, then
1. [BX (D.(A® B))|° =XHE [Dy(A® B)|°¢
2. [XH (D.(A® B))]¢ =BKX[D,(A® B)|°
3. [BX (F,s(A® B))° =XME[F,5(4© B)|¢
4. [XHB (F,5(A® B)) =BKX [F,5(4® B)|¢
5. [BX (Gas(A® B))|° = KB [Gas(A® B)|°
6. [XHB (Gas(A® B))|° =BKX [Gas(A® B)|°
7. [BX (Haps(A® B))|© = KH[Has(A® B)|°
8. [XH (Hys(A® B))|® =BHKX [H,3(A® B)°
9. [BX (H! 4(A® B))|° = XB[H! ;(A® B)|°

[0

10. (X8 (H; (A B))| = B [H} ,(A® B)|°

[0

11. [BX (J, (A B)C =K [J,s(A® B)°
12. [KB (Jo5(A® B))C = BHE [J, (Ao B)C

13. [BX (JF

[0

s(A®B))¢ =R\ [J; 4(A® B)|°

14. [XB(J

[0

s(A®B))¢ =BK[J; 4(A® B)|°

Proof 10. Let us suppose that, o + 5 < 1
Now H;, 5(A® B) = (apacp(2), Vaos(@) + B(1 — apacp() — vacs(2)))
B(H; 5(A© B)) = (3(apaos(®), 5[acs(®) + B(1 — apaes(2) — vass(@) +
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M (H5(A© B)) = (35(apacs(®) + 1], §[Vacs(@) + (1 — apacs(r)) — vass(z)) + 1))
(M (H}; 5(A®B))]|C = (1 [vacs(x)+B(1—apacs () —vacs())+1], 3 [5(apass(z)+1])

<AgahLLHzﬁ(A<)l3”C (Vaos(z) + B(1 — apacs(x) — vaos()), o A@B( )

M[H} 5(A® B)° = (3[vacs(x) + B(1 — apacs(x)) — vacs(x)) + 1], 5 (apans(z))

E@V@AA@BH = (ilacs(@) + B(1 = apacs()) = vass(x)) + 1], 55 (pacs(r) +1])

Hence [ B (H? ,(A® B))¢ = B K [H: ,(A© B)|°

Similarly other parts can be proved.

Theorem 3.5 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then

1. [B(Du(A > B))C =

[X(Da(A s B))J

[B(H, 5
10. [R(H?

11.

12.

[B(Fas(Ara B))©

[X(Fas(Apa B))©

[B(Gas(Ara B))©

[X(Gas(Ara B))C

[B(Ha5(A > B))

[X(Ha,5(A > B))

(Ava B))J©

(Ava B))J©

[B(Ja5(A > B))

[X(Jo5(A > B))

X[Da (A1 B)|C

(D, (A b A

= R[F, 5(Aba B)|°
= B[F, 5(Aba B)|°
= R[Go,5(Aba B))°
= B[Ga,5(Aba B))°
= K[ H, 5(Ava B)|°
= B H, 5(Ava B)|°
= R[H} 4(Ava B)|°
= B} 4(Ava B)|°

= X[Ja5(A = B)|¢

= H[Ja,5(A>a B)°
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13, [B(J35(A 5 B))C = B 5(A i B)|°
14, [R(J35(A 5 B))C = B 5(A b B)|°

Proof Similar to Theorem 3.3.
Theorem 3.6 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
o, 8 € [0,1], where o + 3 < 1, then
1. [BX (D,(Ax B))|S = KB [D, (A B)|C
2. [RE (Do(Ax B))|C = BR [Do(A = B)|C
3. [BR (Fap(Ax B))C =R B [Fys(Ax B)C
4. [RE (Fop(A B))C =BRE [Fys(Ax B)C
5. [BR (Gas(Ax B))|C = KB [Gap(Ax B)C
6. [RE (Gas(Ax B))C = BR [Gap(Ax B)C
7. [BR (Hop(A B))|C = KB [Hys(A B)C
8. XM (Haps(A B))|C = BR [Hy (A B)C
9. [BX (H! 4(Aa B))C = KB [H} 4(Ava B)°
10. (K8 (H ,(Aa B))C = B [H? (A B)|°
11. [BX (J,5(Ax B))C = KH[J,s(Ax B)C

12, [XH (Jo (A B))C = BX [J,z(Ax B)C

13, [BR (J5(A = B)|C = RE [J} (A5 B
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14. [XB (J:5(Ax B))C =B [J: 5(A B)]©

Proof Similar to theorem 3.4.

Theorem 3.7 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then

1. [B(D,(AccB))|¢ = K[D,(AcoB)]¢

2. [X(D,(AcoB))]¢ = B[D,(AxB)|¢

3. [B(F,5(AxB))|¢ = K[F, 5(AcoB)]¢

4. [X(F,3(AxB))|¢ = B[F, 5(AcoB)]¢

5. [B(Gas(AcoB))]¢ = K[G45(AcB)]¢

6. [X(Gu5(AcoB))]C = B[Ga5(AcB)]¢

7. [B(H,p(AcoB))]¢ = K[H, 5(AxB)|¢

8. [X(H,s5(AcoB))]¢ = B[H,5(AxB)|

9. [B(H;, 5(AoB))|C = R[H;
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3(AcoB)|¢

10. [X(H

[0

3(AcoB))|¢ = B[H} ;(AcoB)]¢

11. [H(J, 5(AcoB))|C = K[ J, 5(AcoB)|°
12. [X(J, 5(AcoB))|C = B[, 5(AcoB)|C

13. [B(J

[0

3(A00B))|¢ = K[J] 4(AoB)|

14. [X(J:

[0

3(A0coB))|¢ = H[J] 5(AoB)|
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Proof Similar to Theorem 3.3.
Theorem 3.8 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then

1. [BX (D,(AxB))| = KB [D,(AxB)]¢

2. [XH (D,(AcoB))]¢ = BX [D,(AcoB)]¢

3. [BX(F,3(AcoB))|) = KH [F,5(AcB)|

4. [XHB (F,s5(AcoB))]¢ = BX [F, 3(AxB)|¢

5. [BX (Gaps(AxB))]¢ = KB [Gys(AcoB)]|¢

6. [XHB (Gaps(AxB))]¢ = BKX [Gys(AcoB)]|¢

7. [BX (H,z5(AcoB))]¢ = KB [H, (AcoB)]¢

8. [XH (H,z(AcoB))]¢ = BX [H, (AcoB)]¢

9. BX (1

[0

7/8(AooB))]C =X H [Hjéﬁ(AooB)]C

10. (K@ (H?

[0

75(AooB))]C =HKX [H*ﬁ(AooB)]C

11. B X (J,5(A0B))|C = KB [J,5(AccB)|C
12. X8 (Jos5(Ac0B))|C = B [J,5(AcB)|C

13. [BX (J*

[0

7/8(AooB))]C =NXH [J;ﬁ(AooB)]C

14. X8 (J:

[0

7/8(AooB))]C =HKX [J;ﬁ(AooB)]C
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Proof Similar to theorem 3.4.

Theorem 3.9 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
o, 8 € [0,1], where o + 3 < 1, then

1. [B(D.(A < B))C = K[D,(A < B)°

2. [X(Do(A < B))|S = B[Dy(A < B)|°

3. [B(Fas(A<B))C =K[F, 5(A < B)°

4. [R(F,5(A < B))JC = B[F, 5(A < B)C

5. [B(Gup(A < B))C = R[Gas(A < B)JC

6. [X(Gop(A < B))C = B[Gas(A < B)C

7. [B(Has(A < B))C = R[H,5(A <1 B)C

8. [X(H,s(A < B))° =8[H.s(A< B)|¢

9, [B(H?

[0

(A< B))” =K[H, ;(A<B)°

10. [X(H?

[0

#(A<B))C =B[H; 5(A< B)°
11 [B(Jos(A < B))C = K[ Jas(A < B)|°
12. [®(Jos(A < B))]C = B[Jag(A < B)|°

13. [B(J

[0

#AQB)C =H[J;s(A<B)°

14. [X(J

[0

#(A<B))¢ =H[J; 5(A<B)|
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Proof Similar to Theorem 3.3.
Theorem 3.10 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then

1. [BX (D,(A<B))|° =XHE[D,(A< B)°

2. [XH (D,(A<B))]¢=BKX[D,(A<B)|°

3. [ BX(F,5(A<B))°=KXKH][F,s(A<B)°

4. [XHB (F,5(A< B)) =BKX[F,3(A < B)|¢

5. [BX (Gas(A<B))° =XKHE [Gas(A< B)°

6. [XH (Gas(A<B))° =BKX [Gas(A< B)°

7. [BX (H,s5(A < B))]¢ =XMB[H,z(A< B)|°

8. [XH (H,s5(A<B))]¢ =BKX[H,s(A<B)°

9. BX (1

[0

3(A<B))¢ =XH[H 4(A<B)“

10. (K@ (H?

[0

3(A<B))) =BKX [H} 4(A<B)“

11. [BX (J,5(A<B))¢ = XB[J,5(4A<B)°
12. X8 (Jo5(A<B))C =BX [J,5(A < B)°

13. [BX (J*

[0

s(A<B))¢ =XKH[J; 4(A<B)|°

14. X8 (J:

[0

s(A<B))¢ =BX[J; (A< B)|°
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Proof Similar to theorem 3.4.

Theorem 3.11 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
o, 8 € [0,1], where o + 3 < 1, then

1. [B(D.(A> B))C = K[D, (A B)°

2. [X(Do(A > B))|C = B[Dy(A> B)°

3. [B(Fas(A> B))C = K[F, 5(A > B)C

4. [R(Fos(A> B))C = B[F, (A B)°

5. [B(Gup(A> B))C = R[Gas(A> B)|C

6. [R(Gop(A> B))C = B[Gas(A> B)C

7. [B(Haps(A> B))C = R[Has(A> B)C

8. [X(H,s(A> B))|¢ =B[Hays(A> B)|¢

9, [B(H?

[0

s(A B¢ =K[H, ;(A> B)|°

10. [X(H?

[0

s(AB B))C =B[H; 5(A> B)|°
11 [B(Jos(Ar B))C = K[ Jas(A> B)|°
12. [R(Jos(Ar B))C = B[Jas(A> B)|°

13. [B(J

[0

#A>B)C =H[J; s(A> B)|

14. [X(J

[0

(A B))C =H[J; 5(A> B)|
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Proof Similar to Theorem 3.3.

Theorem 3.12 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
o, B € [0,1], where a + 3 < 1, then

1. [BX (Da(A > B))C = KB [Da(A > B)C

2. [XE (Do(A> B))|C = B [Da(A> B)|C

3. [BX (Fas(A> B))C = KB [F,s(A> B)°

4. [RE (Fos(A> B))C =BR [Fys(A> B)°

5. [BR (Gas(Ar B))C =R B [Gas(A> B)C

6. [NB (Gas(Ar B))C =B [Gas(A> B)C

7. [BX (Has(Ar B))|C = KB [Has(Ar B)°

8. [XH (H,s5(A> B))]¢ =@BKX [H,s(A> B)|¢

9. BX (1

[0

s(A> B))¢ =XH [H 4(A> B))©

10. (X @ (H

[0

#A>B)C=BRI[H (A B)°
11. [BX (J,s(A> B))¢ =RB[J,z(A> B)|°
12. [XB (J,s(A> B))¢ =BX [J,s(A> B)|°

13. [BX (JF

[0

s(A>B)C =RB[J;

[0

s(A> B)|¢

14. X8 (J:

[0

s(A> B))¢ =BX [J; ;(A> B)|°
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Proof Similar to theorem 3.4.

Theorem 3.13 Let X be a nonempty set. If A and B be any two IFSs drawn from X and

a, € 10,1], where o + 5 < 1, then

1.

10.

11.

12.

13.

14.
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Proof

L. Now H(Da(A)) = (3la(x) + ama(@)], 3[va(x) + (1 — a)ma(x) + 1))
X(Da(B)) = (3lus(x) + omp(x) + 1, 3[vp(r) + (1 — @)rp(@)])
_ [ Alua@oma@)]+L s (@) +oms(@)+1]
BDu(A)) + (RUDA(B))] = (it el
Jra@(-a)ma@ @) +i-o)ms@]
LA ()+(1=a)ma (@) 1]+ L)+ (1= a)ms (] 1)
O _ (__ 3Wa@+(1=a)ma @+ 1+ L vp() +(1-a)mp (@)
(B(Da(A)) x B(Da(BY)” = (Gl aerrn—ama@ 1+ Hra - a-ms @)
s roma @l lp@oms@) 1]y
Cua@ +ama @]+ s (o) +amp(e) +11+1)
Again, Do (A)]“ = (va(2) + (1 — a)ma(@), pa(x) + ama(z))
X[Da(A)] = (5[va(z) + (1 = a)ma(z) + 1], 3[pa(z) + ama(@)])
And [Dy(B)]“ = (vp(x) + (1 — a)mp(2), uB( ) +azp(z))
B[Da(B)] = (3lvs(z) + (1 — a)ms(2)], 5[1s() + amp(r) +1])
¢ Oy = (__3Wa@+(1=a)ma @)1+ L i) +(1—a)ms (@)
S0, (WD (A))7) * B (B)") = (Gl 2w tama @+ 1+ et HU=osa 1)
Hluale)toma@]+dup () romp(el 1]y
(2 ra(@)+ama ()3 [us (@) tamp (@) +11+1) 3
Hence [((Da(A))) * (K(Da(B)))]” = (B[Da(A)|°) * (B[Da(B)])

Similarly, 2. to 14. can be proved.

/\A

Theorem 3.14 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then

L [(H(Da(A)) © (M(Da(B)))” = (K[Da(A)]) © (H[Da(B)])
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1. [(B(Ja,5(A))) © (B(Jas(B)))]” = (¥ Jas(A)) © (B[Jas(B)])

12. [(¥(Ja,5(A))) © (B(Jas(B)))]” = (B[Jas(A)]) © (K[ Jas5(B)])

Proof 9. Let us suppose that, o + 5 < 1
Now B(H; 5(A)) = (slapa(@)], 3[va(z) + B(1 — apa(@) = va(z)) +1])
K(H 5(B)) = (3lons(z) + 1, 5[ve(@) + (1 — aps (@) — ve(@)])
x x _ o/ slopa(@)][5[opnp(x)+1]]
[EEI(Ha,ﬁ(A)) © (&(Ha,B(B»] - <(2(%[QMA($)]%[QMB($)+1]+1]’
3[va(@)+B(1—apa(z)—va(2))+1]5[ve(2)+B(1—aup(z)~vp(2))] )

2[5 va(@)+B(—apa (@) —va(e))+1]5lve () +B(1—apB(z)—nup(z))]+1])
So, [B(H;, 4(A)) © (R(H;, 5(B))|
_ 3 a(@)+B(1—opa(x)—va(2))+1]5[vE (2) +B(1-opup (z)~vp(2))]

(
T Mz va@)+B(1—opa (@) —va(2)+H1]5[vp (2)+B(1—auB(z)—nup(z))]+1])

3 lapa(@)][5lops (2)+1]] )
2(zlapa(@)]zlons (@) +1]+1]
Again, [1; 5(4)))° = {va(a) + 001~ apa(e) = va(e): apa(e)
X[H 5(A))] = (5lvale) + B(1 = apa(z) — va(2)) + 1, 5lapa(z)])
[H 5(B)]¢ = (vp(2) + B(1 — app(z) — vp(2)), auB(:v)>
B[H 5(B))]° = (3lva(z) + B(1 — aps(z) — vs(2))], slans (@) +1])
(R[H; 5(A)]) © (B[H, 5(B)])
= ( 3va(@)+B(1—apa (@) —va(@)+1]5 Ve (z)+B(1—app(z)—vE(2))]
TV Qg ra@)+HB(1—apa(z)—va(e)+1] 5[V (@)+B(1—apB(z) —nup ()] +1]))

3 lopa(@)][5 [ops (2)+1]] )
(2(zlapa(@)]zlons (@) +1]+1]
Hence [(B(H;, 5(A))) ® (R(H 5(B)))|° = (R[H} 5(A)]°) © (B[H 4(B)]°)

Similarly, other parts can be proved.

Theorem 3.15 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then
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10. [(®(H 5(A))) > (BH] 5(B)))] = (BIH 5(A)]) pa (H[H], 5(B)])
1. [(H(Ja,5(A))) b1 (M(Ja5(B)))]” = (W[ Ja,s(A)]) b (B[ a,5(B)])
12. [(X(Ja,5(A))) b (H(Ja,5(B)))]” = (B[ Ja,s(A)]) b2 (K[ o5(B)])
13. [(HI(]3 5(A))) b (K5 5(B)))]” = [T 5(A)]7) e (B[] 5(B)])
14. [((T3 5(A))) pa (H(T5 5(B)))]C = (B[] 5(A)]) e (K[ 5(B)])

Proof Similar to the theorem 3.14.
Theorem 3.16 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then
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10.

11.

12.

13.

14.

Proof Similar to the theorem 3.14.
Theorem 3.17 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then
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10. [(R(H;, 5(A))) < (BH] 5(B)))] = (B[H; 5(A)]) < (K[H 5(B)])
1. [(B(Ja,5(A))) < (B(Jas(B)))]” = (®[Ja,s(A)]) < (B[ Jas(B)])
12. [(®(Ja,5(A))) < (B(Jas(B)] = (BJas(A)]7) < (W[ Jas(B)])
13. [(H(J3 5(A))) < (W5 5(B)))]” = (W[5 5(A)]°) < (B[ s 5(B)I)
14. (T3 5(A))) < (H(J5 5(B)))] = B[] 5(A)]°) < (K[ 5 5(B)])

Proof Similar to the theorem 3.14.
Theorem 3.18 Let X be a nonempty set. If A and B be any two IFSs drawn from X and
a, € 10,1], where o + 5 < 1, then
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10. [(R(H;, 5(A))) & (BH] 5(B)))]” = (B[H; 5(A)]) > (K[H 5(B)])
1. [(B(Ja,5(A))) > (W(Jas(B)))]” = (W[ Ja,s(A)]) & (B[ Ja5(B)])
12. [(¥(Ja,5(A))) & (B(Jas(B)))]” = (B[a,s(A)]) > (K[ Ja 5(B)])
13. [(B(Jx 5(A))) &> (B(Jx 5(B)] = (B[ 5(A)) & @B 5(B)])
14. [((T3 5(A))) &> (H(J; 5(B)))]” = B[] 5(A)]°) > (K[ J; 5(B)])

Proof Similar to the theorem 3.14.

4 Some Observations

Let A=(7,2.1), B =(6,.2,.2) be two intuitionistic fuzzy sets and # be any operation
defined in definition 2.5. Let us also consider &« = .4 and 7 = .5. Now we construct the
following tables.

Table - 1
| # | D.(A#B) | BD.(A#B) | BHE D(A#B) | KD (A#B) | KK D,(A#B) |
x| (5124,.4876) | (.2562,.7438) | (.1281,.8719) | (.7562,.2438) | (.8781,.1219)
® | (4811,.5189) | (.2405,.7595) | (.1202,.8798) | (.7406,.2594) | (.8703,.1297)
ba | (.5278,.4722) | (.2639,.7361) | (.1320,.8680) | (.7639,.2361) | (.8820,.1180)
oo | (.5222,.4778) | (.2611,.7389) | (.1305,.8695) | (.7611,.2389) | (.8805,.1195)
Q| (6248,.3752) | (.3124,.6876) | (.1562,.8438) | (.8124,.1876) | (.9062,.0938)
> | (.5621,.4379) | (.2810,.7190) | (.1405,.8595) | (.7810,.2190) | (.8905,.1095)
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Table - 2

| # | Fas(A#B) | BF,s(A#B) | BB Fas(A#B) | REF,5(A#B) | KK Fos(A#B) |
« | (5124,.4301) | (.2562,.7151) | (.1281,.8575) (7562, .2150) | (.8781,.1075)
® | (4811, .4356) | (.2405,.7178) | (.1202,.8589) (7406, .2178) | (.8703,.1089)
> | (.5278,.4305) | (.2639,.7152) | (.1320, .8576) (7639, .2152) | (.8820,.1076)
0o | (.5222,.4044) | (.2611,.7022) | (.1305,.8511) (.7611,.2022) | (.8805,.1011)
< | (.6248,.3602) | (.3124,.6801) | (.1562,.8401) (.8124,.1801) | (.9062,.0901)
> | (.5621,.3714) | (.2810,.6857) | (.1405,.8429) (7810, .1857) | (.8905,.0929)
Table - 3
| # | Gap(A#B) | BGas(A#B) | BE Gas(A#B) | KGas(A#B) | KK Gos(A#B) |
« | (.1130,.0714) | (.0565,.5357) | (.0282,.7678) (.5565,.0357) | (.7782,.0178)
® | (0592,.0096) | (.0296, .5048) | (.0148,.7524) (.5296,.0048) | (.7648,.0024)
> | (1444, 1111) | (.0722,.5556) | (.0361,.7778) (.5722,.0556) | (.7861,.0278)
0o | (0913,.0185) | (.0456,.5092) | (.0228,.7546) (.5456,.0092) | (.7728,.0046)
< | (2261,.1428) | (1131, .5714) | (.0565, .7857) (.6131,.0714) | (.8065,.0357)
> | (.1183,.0193) | (.0592,.5097) | (.0296,.7548) (.5592,.0096) | (.7796,.0048)
Table - 4
| # | Hop(A#B) | BHas(A#B) | BE Has(A#B) | RHas(A#B) | KR Ho s (A#B) |
« | (.1130,.4301) | (.0565,.7151) | (0282, .8575) (5565, .2150) | (.7782,.1075)
® | (0592, .4356) | (.0296,.7178) | (.0148, .8589) (.5296, .2178) | (.7648,.1089)
> | (1444, 4305) | (.0722,.7152) | (.0361, .8576) (5722, 2152) | (.7861,.1076)
0o | (.0913,.4044) | (.0456,.7022) | (0228, .8511) (.5456,.2022) | (.7728,.1011)
< | (.2261,.3602) | (.1131,.6801) | (.0565,.8401) (.6131,.1801) | (.8065,.0901)
> | (.1183,.3714) | (.0592,.6857) | (.0296,.8429) (.5592, .1857) | (.7796,.0929)
Table - 5
| # | H: ,(A#B) | BH; J(A#B) | BB H: ,(A#B) | KH}, ;(A#B) | XK H ,(A#B)
« | (1130,.3721) | (.0565,.6861) | (0282, .8431) (.5565,.1861) | (.7782,.0931)
® | (.0592,.4608) | (.0296,.7304) | (.0148, .8652) (.5296,.2304) | (.7648,.1152)
> | (1444, 3167) | (.0722,.6584) | (.0361,.8292) (.5722,.1584) | (.7861,.0792)
0o | (.0913,.4358) | (.0456,.7179) | (0228, .8590) (5456, .2179) | (.7728,.1090)
< | (2261, .2441) | (1131, .6221) | (.0565,.8111) (.6131,.1221) | (.8065,.0611)
> | (.1183,.4216) | (.0592,.7108) | (.0296,.8554) (5592, .2108) | (.7796,.1054)
Table - 6
| # | Jus(A#B) | Blas(A#B) | BB Jos(A#B) | Ko s(A#B) | KK J.5(A#B) |
« | (5124,.0714) | (.2562,.5357) | (.1281,.7678) | (.7562,.0357) | (.8781,.0178)
® | (4811,.0096) | (.2405,.5048) | (.1202,.7524) | (.7406,.0048) | (.8703,.0024)
> | (.5278,.1111) | (.2639,.5556) | (.1320,.7778) | (.7639,.0556) | (.8820,.0278)
0o | (.5222,.0185) | (.2611,.5092) | (.1305,.7546) | (.7611,.0092) | (.8805,.0046)
< | (6248, .1428) | (3124, .5714) | (.1562,.7857) | (.8124,.0714) | (.9062,.0357)
> | (.5621,.0193) | (.2810,.5097) | (.1405,.7548) | (.7810,.0096) | (.8905,.0048)
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Table - 7

| # | J:5(A#D)

| BJ} 5(A#B) | BB J! 4(A#DB) | XJ: 4(A#DB) | XX J: 5(A#B) |

« | (5410,.0714) | (2705, .5357) | (.1353,.7678) | (.7705,.0357) | (.8853,.0178)
© | (4849,.0096) | (.2425,.5048) | (.1213,.7524) | (.7425,.0048) | (.8713,.0024)
1 | (5722, 1111) | (.2861,.5556) | (.1431,.7778) | (.7861,.0556) | (.8931,.0278)
oo | (.5296,.0185) | (.2648,.5094) | (.1324,.7546) | (.7648,.0092) | (.8824,.0046)
< | (.6820,.1428) | (.3410,.5714) | (.1705,.7857) | (.8410,.0714) | (.9205,.0357)
> | (.5698,.0193) | (.2849,.5097) | (.1425,.7548) | (.7849,.0096) | (.8925,.0048)

From the above tables, some properties of IFSs on the basis of different operations are ob-
served. The properties are:

L. B8 Dy(A#B) C BD,(A#B) C Do(A#B) C KD, (A#B) C RK D, (A#B)
IL 8 F, 5(A#B) C BEF, 5(A#B) C Fas(A#B) C KF, 5(A#B) C WX F, 5(A#B)
1L B8 G, 5(A#B) C BGas(A#B) C Gos(A#B) C G, 5(A#B) C KK G, 5(A#B)
IV. BE H, 5(A#B) C BH, 5(A#B) C Hy5(A#B) C KH, 5(A#B) C K H, 5(A#B)
V. BB H: ;(A#B) C BH? ;(A#B) C H: ;(A#B) C RH; ;(A#B) C KR H: ;(A#B)
VLB B J, 5(A#B) C By 5(A#B) C Jos(A#B) C R, 5(A#B) C KK J, 5(A#B)
VIL HH J? ,(A#B) C B2 ;(A#B) C J: 5(A#B) C MJ! 4(A#B) C KX Jt ;(A#B)

5 Conclusion

In this paper, some properties of modal operators along with some special operators defined
on intuitionistic fuzzy sets have been investigated. Some intuitionistic fuzzy operators are
also included in our investigation. As a result some new equalities are obtained. In the near
future, these equalities will undoubtedly aid in our investigation of numerous additional
features related to intuitionistic fuzzy operators. There are numerous application areas in
which these results could find utility.
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